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Abstract

We consider an infinite dimensional nonlinear controlled system describing age-
structured population dynamics, where the birth and the mortality rates are nonlinear
functions of the population size. The control being active on some age range, we give
sharp conditions subject to the age range and the control time horizon to get the null
controllability of the nonlinear controlled population dynamics. The main novelty is
that we use here as a main ingredient the comparison principle for age-structured popu-
lation dynamics, and in case of null controllability we provide a feedback control with a
very simple structure, while preserving the nonnegativity of the state trajectory. Finally,
we establish the lack of the null controllability for the linear Lotka-McKendrick equa-
tion with spatial diffusion when the control acts in a subset of the habitat and we want
to preserve the positivity of the state trajectory.

Keywords Population dynamics - Null controllability - Feedback controls -
Nonlinearities - Nonnegativity

1 Introduction

We shall continue and extend the investigation in Hegoburu et al. [8] concerning the
null controllability of the age-dependent population dynamics. More precisely, let
p(t, a) be the distribution of individuals of age a at time ¢ of a biological population.
Let a; be the maximal age of an individual and t be a positive constant. Consider
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that the population dynamics is described by the following nonlinear system, firstly
proposed (without control) by Gurtin and MacCamy [7]:

(t a)-l- B(t,a) +u(t,a, PO)p(t,a) = Xiay,wm)(@u(t,a), (t,a) € Qr
p(t,0) = /u B(t,a, P(t))p(t,a)da, te 1)
p(0. a) = po(a), acoay
P(t) = /OaT p(t,a)da, t e (0,1),

where u is a control function, (4, 4, 18 the characteristic function of the interval
[a1, az] (where O < a; < az < ay), po is the initial population density and O, =
(0, 7) x (0,a4). B and w are the fertility rate and the mortality rate, respectively. In
the following, the nonlocal boundary condition

p(t,0) = /aT B(t,a, P(t))p(t,a)da, te(0,1),
0

will be referred as the renewal law.
To state our main results, we first recall the standard assumptions, used for instance
in Anita [5, p. 30], on the functions u, 8, po and u:

(H1) for every s > 0, the functions (-, -, s) and (-, -, s) belong to L>*(Q;) and
| Oc([O 7] X [0 ay)) respectively,
(H2) the functions B and u are locally Lipschitz functions with respect to the third
variable, i.e., for any M > 0, there exists L(M) > 0 such that for almost every
(t,a) € Q and for every s1, 52 € [0, M], we have

|B(t,a,s1)— B(t,a,s2)| < L(M) - [s1 — 2,
luw(t, a,s1) — u(t, a,s2)| < L(M)-|s1 — s2],

(H3) for almost every (¢, a, s) € O x (0, +00), we have
B(t,a,s) >0 and u(t,a,s) =0

(H4) for almost every (¢, a) € Q, the function B(¢, a, -) is nonincreasing,
(HS) for almost every (¢, a) € Q, the function (¢, a, -) is nondecreasing,
(H6) py € L*(0,a1), po(a) = 0 ae. a € (0, ay),

(H7) the control function u belongs to LZ(Q,).

By a solution to (1), we mean a function p € L*°(0, t; L2(0, ay)), absolutely
continuous along almost every characteristic line of equation t —a = ¢ [with ¢ €
(—as, T)], which satisfies

Dp(t,a) + pu(t, a, P(z{)p(t, a) = Xjay,ar)(@u(t,a) ae. (t,a) € O
hm pt+e,e) = / B(t,a, P(t))p(t,a)da a.e.t € (0,7)
hm p(e,a+¢€) = pola) a.e.a € (0, ay),
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where P(t) = Oar p(t, a)da for almost every ¢ € (0, 7). Here

pt+e,a+¢e)— pt,a)
&

Dp(t,a) = é}l_r)r(l)

is the directional derivative of p at (¢, a) for direction (1, 1). The definition of the
solution implies that there is a trace of p on any curve of equation ¢t = ¢, with
c € [0, r]. With the above assumptions, system (1) has at most one nonnegative
solution, and if in addition u(z, a) > 0 a.e. (¢, a) € Q, the existence and uniqueness
of a nonnegative solution to (1) can be proved via the Banach fixed point theorem (see,
for instance, [5, Chapter 2]).

Notice that actually the control acts only for a € [ay, az].

For almost every (t,a) € Q., denote by B4 (¢,a) := B(t,a,0) so that, due to
assumption (H4), for almost every (¢, a, s) € QO x (0, +00) we have

B(t,a,s) < B(t,a,0) =pi(t,a) ae. (¢t,a,s) € O x (0,400). 2)

Our first result asserts that, assuming that the age of individuals able to reproduce
is bounded away from zero, given a; small enough and 7 large enough, we are able
to bring the solution p of (1) to zero by means of a control function u € L*(0,),
preserving the nonnegativity of the state trajectory. More precisely, we have

Theorem 1 With the above notations and assumptions, suppose that there exists ap €
(0, ay) such that for almost every t € (0, ), we have

B+(t,a) =0 a.e.ac(0,ap), (3)

where the function By is defined in (2).

Assume that we have a; < ap. If T > ay — aa + ay, then for every pg € L%(0, ay)
with po(a) = 0a.e. a € (0, ay), there exists u € LZ(QI) and a corresponding unique
nonnegative solution p of (1) such that

p(t,a) =0 a.e.aec (0,ay).
The following Theorem 2 states that the previous result is sharp, in the sense that if
ap (respectively 1) is bigger than a;, (respectively smaller than a; —as +ajy), the system
(1) may not be null controllable by means of controls u € LQ(QT) while preserving

the nonnegativity of the controlled state trajectory. More precisely, we have

Theorem 2 With the above notations and assumptions,

(1) Assume that there exists ap € (0, ay) and ap, € (0, a+] with ap, < ap, such that,
for almost every t € (0, T) we have

B(t,a,s) >0 a.e.(a,s) € (ap, ay) X (0, +00).
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If a1 > ap, then for every T > 0, there exists pg € L2(O, ay) with po(a) = 0
a.e. a € (0, ay) such that there is no control u and a corresponding nonnegative
solution p to (1) satisfying

p(t,a) =0 a.e.a e (0,ay).

(i1) Ift < ay —az + ay, there exists a function B satisfying (HI1)—(H4) and an initial
population density pg € L2(0, ay) with po(a) = Oa.e.a € (0, a;) such that there
is no control u and a corresponding nonnegative solution p to (1) satisfying

p(r,a) =0 a.e.a e (0,ay).

Our third result asserts that condition (3) is not necessary to get the null controlla-
bility of system (1), provided that we are able to control the very young individuals.
More precisely, provided that a; = 0 and @, > 0, for any function g satisfying (H1)-
(H4), we are able to bring the solution p of (1) to zero in sufficiently large time t by
means of a control u € L*(Q-), preserving the nonnegativity of the state trajectory:

Theorem 3 With the above notations and assumptions,

(i) Assumethata, = Oandas > 0.IfT > ar—an, thenforevery py € L*(0, a+) with
il i
po(a) = 0 a.e. a € (0,ay), there exists u € L?*(Q+) and a unique nonnegative
solution p of (1) such that

p(t,a) =0 a.e.a e (0,ay).

(i1) Assume that there exists a,, € (0, at] such that, for almost every t € (0, T) we
have

B(t,a,s) >0 a.e.(a,s) € (0,a,) x (0,400).
If ai > 0, then for every T > 0, there exists py € L%(0, ay) with po(a) = 0
a.e. a € (0, ay) such that there is no control u and a corresponding nonnegative
solution p to (1) satisfying
p(t,a) =0 a.e.a e (0,ay).

(iii) If T < ay — ay, there exists an initial population density py € L%(0, ay) with
po(a) = 0 a.e. a € (0, a;y) such that there is no control u and a corresponding
nonnegative solution p to (1) satisfying

p(t,a) =0 a.e.a < (0,ay).
For an overview on age-structured population dynamics models, we refer, for
instance, to Webb [19], Iannelli [10], Kunisch et al. [13] and the references therein.

In the case where both functions 8 and u depend only on the age variable, some
null controllability results of the age-dependent population dynamics model (without
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diffusion) were first obtained by Barbu et al. [6]. Assuming that the control is supported
in the age interval (0, ap), for some ap < ay, the authors proved that the controlled
population may be steered to any steady state of (1), except for a small interval of ages
near zero. Recently, Hegoburu et al. [8] proved that this restriction is not necessary,
provided individuals do not reproduce at the age close to zero. They also proved there
exists controls which preserves the nonnegativity of the state trajectory. More recently,
Maity [14] proved that null controllability can be achieved by controls supported in
any subinterval [a1, a2] of [0, a;], provided we control before the individuals start
to reproduce. In this case, the author proved that the system is null controllable in
sufficiently large time, i.e., when t > aj +max{a, a; —az} by means of observability
inequalities.

The null controllability of systems modeling nonlinear age-structured population
dynamics has been studied by Ainseba et al. [3], in the case when a; = 0 and a; €
(0, a}), using as a main ingredient the Kakutani fixed point theorem. In [3], the main
result asserts controllability of the system (1) to zero in time T > a4 by a distributed
control, except for a small interval of ages near zero. In our present paper, we get an
exact null controllability result for the system (1). Moreover, the minimal time needed
to steer the population to zero (i.e., T > a; —ax~+a) seems to be sharp. Instead of using
observability results, we use here as a main ingredient the comparison principle for
linear age-structured population dynamics. In case of null controllability, we provide
a feedback control with a very simple structure and such that (1) admits a unique
nonnegative solution p satisfying p(r,a) = 0 a.e.a € (0, ay).

As already mentioned, in the present work we use comparison results for age-
structured population dynamics and some feedback controls with a simple structure
(as a harvesting term) in order to prove some null controllability results. Actually,
the use of such harvesting term in order to get the null controllability in an abstract
space is presented in Sect. 2. Sections 3, 4 and 5 are devoted to prove, respectively,
Theorems 1, 2 and 3, firstly in the case where the functions § and i do not depend on
the third variable (namely, in the linear setting) and to deduce the results of the above-
mentioned Theorems in the more general nonlinear setting by using the results of the
linear case and the comparison principle for age-structured population dynamics. In
Sect. 6, we give an application to the results obtained in the linear case: We show how
to steer a population to another one in the linear setting, preserving the nonnegativity
of the population. In Sect. 7, we show how the comparison principle for age-structured
population dynamics may be used to prove the lack of the null controllability for the
linear Lotka-McKendrick equation with spatial diffusion when the control acts in a
subset of the habitat.

2 A null-controllability result in an abstract space

Consider the following controlled system:

4
y(0) = yo, @
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where A is the generator of a Cy-semigroup (e/4),=¢ of linear and bounded operators
in the real Banach space X and t is a positive constant. We remind that by a mild
solution to (4), we mean the function y € C([0, t]; X) given by

t
y(t) = ey +/ =94y (s)ds, foreveryt € [0, 7).
0

Ifyoe Xandu € L2(O, 7; X), then (4) has a unique mild solution.

The controllability properties of (4) have been investigated by Tucsnak and Weiss
[18] via the observability. Here we use a different approach in order to get the null-
controllability: we use a feedback control. Actually, if

1
u(t) = —:y(z‘), t e (0, 1), 4)

then (4) becomes

1
y' () — Ay(r) = —— 0, 10D

y(0) = yo.

(6)

and by a mild solution to (6) we mean a function y € C([0, t]; X) such that

! 1
y(t) = e’Ayo —/ =94 <—y(s)> ds, foreveryt € [0, t].
0 T—S

By Gronwall-Bellman’s inequality, we may conclude that there exists at most one
mild solution to (6). Let us prove that actually, the function y defined by

—1
i ey 1 el0, 1], (7

() =

is a mild solution to (6) and that u given by (5) belongs to L2(0, 7; X).
Indeed, y given by (7) belongs to C([0, 7]; X) and for any ¢ € [0, t] we have

to
etAyO _ / e(t_S)Ay(S) ds
0o T—S¢§

[ 1
— etAyO _ _f ('L' _ S)e(I—S)Ae.YAyO dS
TJo T—5S

ey = y(@).

t T
=eyo— —eyo =
T
On the other hand, the control u given by (5) satisfies
1 1,4
M(t) = __y(t) = ——€ )0, re [Oa T]?
T—1 T
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which indeed belongs to C ([0, t]; X) and consequently to L2(O, 7; X).

Notice that, assuming that the functions  and u depend only on the age variable,
the formulation of Eq. (1) may be considered using semigroup theory. Indeed, denote
by X = L?(0, a+) and consider the operator A : D(A) — X defined by

2 “ de 2
D(A) = {<P € L7(0,a); ¢(0) = /0 B(a)p(a)da, g MeE L~ (0, dT)} ,

de
Ap = qg M ¢E D(A).
a

It is well known (see, for instance, Song et al. [16] or Kappel and Zhang [11]) that A
generates a Cop-semigroup of linear and bounded operators in X which we denote by
(e’A)@o. If the control function « in (1) acts in the whole age range (0, a;) (i.e., if
a; = 0 and a; = ay) and is defined by the feedback form

1
u(t) = —T—_tp(t), t € [0, ], (8)
where p is the corresponding solution to (1), we deduce that p satisfies

L.+ Lea+ (n@+5) pea) =0, (t.a)€ 0

ay

p(t,0) =/ B@p(t, ) da, fe,7) ©
0
p(0,a) = po(a), a € (0,ay),

and so that for every ¢ € [0, ] we get from (7) that p(¢) = rT_te”‘po in X for any
t € [0, t],and p(tr) = 0in X. Itcan be seen in (9) that, u given in such a feedback form
(8), it behaves like an additional mortality (as a harvesting rate) for the age-structured
population dynamics. In Sects. 3 and 5, we shall develop this idea in the more general
case when the functions § and n depend on both time and age variable, and the control
u acts in a subinterval of [0, a+].

3 A positive null controllability result when the young individuals do
not reproduce

This section is devoted to prove Theorem 1, firstly in the case where the functions S
and © do not depend on the third variable (see Proposition 1). The proof of Theorem
1 in the more general nonlinear case will be deduced from the result of Proposition 1
and the comparison principle for age-structured population dynamics.
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More precisely, we first assume that the population dynamics is described by the
following linear system:

3 (1, a) + (¢, @) + pot, @) p(t, @) = Xay.w)(@u(t,a), (t,a) € O

a

p(r,0>=/ " Bo(t, a)p(t. a) da, re©r 10
0
p(0,a) = po(a), a € (0,as),

where 7 is a positive constant and O, = (0, 7) x (0, a;). For the sake of completeness,
let us recall the classical assumptions on the functions 1o, Bo, po and u relatively to
the linear case:

(L1) thefunctions By and o belongto L*(Q;)and L }OC([O, 7]x[0, a;)) respectively,
(L2) for almost every (t,a) € Q,, we have

Bo(t,a) >0 and wo(t,a) >0,

(L3) po € L?(0, at), po(a) >0 ae. a € (0, ay),
(L4) the control function u belongs to L2(Qy).

Note that, using the definition of a solution to (10), we can obtain, using an integra-
tion along the characteristic lines (see, for instance, [5, p. 16]) that for almost every
(t,a) € Q; witha > t, we have that the solution p to (10) satisfies

t
p<r,a>=exp{—f uo<s,a—r+s>ds}po(a—r>
c (1
—|—f exp{—/ ,u()(o,a—t—i—a)da}X[al,az](a—t+s)u(s,a—z+s)ds,
0 s

and for almost every (¢, a) € Q, with ¢t > a, we have

a
p(t,a) =exp {—/ wot —a—+s,s) ds} B(t —a)
0
a a
+/ exp{—/ ,uo(t—a—i—o,a)do}X[alﬁaz](s)u(t—a—i—s,s)ds,
0 K
where
B(t):/ Bo(t,a)p(t,a)da ae.t € (0, 7).
0

Notice that, as a consequence of the Banach fixed point theorem, we get that B €
L*°(0, 7) (see, for instance, [5]).

In the following, we shall make several uses of the comparison principle for
age-structured population dynamics (see [5, Theorem 2.1.2]) which we recall in the
following Theorem 4.
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Theorem 4 With the above notations and assumptions, assume that T > 0. Let p be
the solution of (10). We get

(1) ifu(t,a) > 0a.e. in Qr, then p(t,a) > Oae. in Qr;

(i) if Boi, oi, poi, ui satisfy (LD—(L4) (i =1,2) and

Boi(t,a) = Poz(t,a), wo1(t,a) < po2(t,a) a.e.in Qc,
poi(a) = poz(a), a.e.in (0, ay),
) =

ui(t,a ur(t,a), a.e.in Qg,

then pl(t, a) > pz(t, a) a.e. in Q, where pi is the solition of (10), correspond-
ing to Bo := Poi, o = Moi, PO = poi, U = u;, i € 1,2,

In this section, we will first prove the following Proposition 1 which is, roughly
speaking, the “linear version” of Theorem 1.

Proposition 1 With the above notations and assumptions, suppose that there exists
ap € (0, ay) such that for almost every t € (0, T), we have

Bo(t,a) =0 a.e.a € (0, ap). (12)

Assume that we have a; < ap. If T > ay — a + ay, then for every po € L2(O, ay)
with po(a) = 0 a.e. a € (0, ay), there exists u € Lz(Qf) and a corresponding unique
nonnegative solution p of (10) such that

p(t,a) =0 a.e.a e (0,ay).

In this whole section, we suppose that there exists a, > 0 such that (12) is satisfied,
withay < ap and v > ay —ap + ay.

We may divide the proof of Proposition 1 in two cases, since the shapes of the
controls functions driving the initial population to zero in time t may be slightly
different in the two following cases, depending on the order relationship of a; and ay:

Casel:7t > a; —ax +aj and a; < az < ap,
Case2:7 > ay —ay+ajanda; < ap < az.

The two following subsections are devoted to prove Proposition 1 in the two above-
mentioned cases.

3.1 Thefirstcase: 7> a; —ax +ayanday <az < a,

This subsection is devoted to prove Proposition 1, in the case where T > a; —az +a;
and a; < ap < ap.

Proof of Proposition 1 with ay < ap Suppose that t > ay —az+ajanda; < az < ap.
Without loss of generality, we may assume that T < ay. Let us prove that there exists
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a feedback control u and a corresponding unique nonnegative solution p of (10) such
that

p(r,a) =0 a.e.a € (0,a;).

Denote by ¢ := %(T —(ay —az+ay)). For almost every (¢, a) € Qr, letus consider
the feedback control u(z, a) := —v(¢, a) p(¢t, a), where v is a control itself and acts as
a harvesting rate, and is given by

1 . E—ap <t—a<rt—a,
a)—a if a € a1, az],
v(t,a) := 1 " T—ap<t—a<t—(a;+e)), (13)
T—t a € lay, a2],
0 otherwise.
The structure of v is given in Fig. 1. The solution to (10) with u = —uvp exists is unique

and nonnegative (see Anita [5]), and via the comparison principle for age-dependent
population dynamics [see Theorem 4 (ii)] we get that

0< pt,a) < pt,a) ae. (t,a) € O, (14)
tns
a}
>
ay —az +ap
T—(ar+e)
il
T — Qa2 3
|
/ /e :
0 ap az @ ai’ a

Fig. 1 The structure of the control v when 7 > a4 —ap +aj and ay < ap < ap
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where p is the solution to

W (t,a)+ 32t a) + v(t,a)p(1,a) =0, (t,a) € O

p(t,0) = Bo(t,a)p(t, a)da, te0,1) (15)
50, @) = pola), a e (0. ap).

Integrating along the characteristic lines, we get that the solution p of (15) is equal to

4 ds o le—ax<t—a< —ay,
pola —r)exp | — if
a—t @2 — S a € [ay, az],
@ ds . —ar <t—a<0,
pola — 1) exp —/ if
a @2 —S a € lay, al,
- 4 ds . O<t—a<t—a,
p(t —a,0)exp| — if
ap 42— S a € [ay, az],
4 d T—am <t—a<t—(a;+e)),
p(t —a,0)exp <—/ i > if : @ )
t—a+a; T — S a € [ay, a],

so that we have

a —a le—ax<t—a< —a,
———pola—1) if
a — (a—1) a € a1, az],
_ —a; <t—a<0,
2% pota—1) e o
~ az —aj a € \ay, azl,
pt,a) = (16)
a —a . ) O<t—a<t—a,
pt —a,0) if
a —ai a € lay, az],
—t T—ap<t—a<1t—(a;+e¢),
—  _jt—a0) if : @+
T—({t—a+a) a € [ay, az].
We may conclude from the above formula that we have
plt,az) =0 if 1€ (e, 1), (17)

p(t,a) =0 if a € (a; +¢,a).

Integrating on the characteristic lines the equation satisfied by p, we get from (17)
that

pt,a) =0 if (t,a) € [t — (a1 + &), 7] X [a2, at]. (18)
Since a; > a, we obviously get from the above equation that
p(t,a) =0 if (t,a) € [t — (a1 + &), ] x [ap, at].
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Since p satisfies the renewal law, we may infer that

pt,0)=0 ifr e[t — (a; +¢), 7],

and integrating along the characteristic lines we get that

p(t,a) =0 ifae[0,a; +¢]. (19)

By (17), (18) and (19), we may conclude that

p(t.a) =0 ae.ac (0 a;).

It remains to prove that the control u =

(t,a) € Qr, from (13) and (16) we have

pola —1)
a;—(a—t)
pola — 1)

a) —aj
v(t,a)p(t,a) =3 p(t —a,0)

a) —dajp

pt —a,0)
T—(t—a+ap)
0

and this implies that

[po(a —1)|
g
|po(a —1)|
a) — aj
[v(t,a)p(t, a)l < | |p(t —a, 0)]
az —daj
p(t —a,0)]
£

—vp belongs to L>(Q-). For almost every

" e—ay<t—a< —aj,
1
a € ay, az],
) —a; <t—a<0,
if
a € [ay, a],
. O<t—a<t1t—a,
if
a € ay, az],
£ T—a<t—a<t—(a+e)),
1
a € [ay, az].
otherwise,
" e—ay<t—a< —ay,
1
a € [ay, ay],
. —a; <t—a<0,
if
a € [ay, az],
£ O<t—a<t—a, (20)
1
a € lay, ay],
" T—ap<t—a<t—(a;+s),
1
a € [ay, az].
otherwise.

Since p € L*(Q-), we may infer from the renewal law that we have p(-, 0) € L%(0, 1),
so that from (20) we have vp € LZ(QI). Given (14), it follows that we have vp €
L%(Q-), which concludes the proof of Proposition 1 in the case where a» < a;. O
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3.2 Thesecond case: 7 > a; —ax + ayanda < ap < az

This subsection is devoted to prove Proposition 1, in the case where T > a; —az +a;
anda; < ap < aj.

Proof of Proposition 1 with a, < ap Suppose that t > ay —az+ajanda; < ap < az.
Without loss of generality, we may assume that T < a;. We may also assume, without
loss of generality, that we have a;, € (aj, t): Indeed, in the case when there exists
ap > 0 satisfying (12) such that a; > t, we may consider a; such that a; € (ay, 7)
and replace a; by ap, noting that a; also satisfies (12) since ap < ap.

For any € > 0, denote by 6(¢) := v — (ay — a2 + a1) — €. Let us introduce ¢ > 0
small enough such that we have a; + ¢ < ap and 6(e) > 0 (this is possible, since
a; <apand T > a; —ay + ay).

Let us prove that there exists a feedback control # and a corresponding unique
nonnegative solution p of (10) satisfying

p(t,a) =0 ae.a € (0,a+).

For almost every (t,a) € Qr, let us consider the feedback control u(t,a) :=
—v(t,a)p(t, a), where

1 . be)—ary <t—a<t1—a;—a —&,
a —a if a € lay, ar],
1 . T—al—ap—¢e<t—a<t—ay—ap—E¢,
T—(a1+¢)—t if a € lay, ar],
v(t,a) .= 1 . T—ay—ap— &S t—a<Tt—ap, 21
a, —a it a € lay, apl,
1 . T—ap<t—a<7t—(a;+e),
T—t if a € lay, apl,
0 otherwise.
The structure of v is given in Fig. 2. The solution to (10) with u = —uvp exists,

is unique and nonnegative (see Anita [5]), and via the comparison principle for age-
dependent population dynamics [see Theorem 4 (ii)] we get that

0< p(t,a) < p(t,a) ae. (t,a) € O, (22)

where p is the solution to

W (t,a) + 32t a) + v(t,a)p(1,a) =0, (t,a) € O

p(t,0) = Bo(t,a)p(t, a)da, t € (0,1) (23)
5(0,a) = po(@), a e, a).
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td~

a4

I el/ SN
ay —az+ap K

a, — a

T—(a1+€)

T —

a a Qs a a

T—a —ap—E€

T—a1—az—¢

Fig.2 The structure of the control v when t > a4 —ap +aj anday < ap < ap

We may discuss three subcases, depending on the order relationship of t —aj; —ap, —¢,
T — a1 — ap — ¢ and 0 [since the expression of the solution p of (23) may be different
in each subcase]. The first subcase (see below) is shown in Fig. 2.

Subcase 1 Assume that T — a; — ap — ¢ < 0. Integrating along the characteristic
lines, we get that the solution p of (23) satisfies

. @ ds
p(t,a) = pola —t)exp | —
max(a—t,a;) 42 — S

if0(e) —ap <t—a<t—ay—ay)—e, acla,a],

- ! ds
p(t,a) = po(a —t) exp <—/ —)
max(r—a+a;,00 T — (@ +¢€) —s

ftr—a—ap—ec<t—a<t—a —ap—e¢, a €la,arl,

. @ ds
p(t,a) = pola —t)exp | —
max(a—t,a;) 9b — S
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ift—ay—ap—e<t—a<0, aclay,apl,

- - 4 ds
p(t,a) = p(t —a, 0)exp (—/ )
a Ab — S

if0<t—a<t—ap, acla,apl],

. . ! ds
p(t,a) = p(t —a,0)exp| —
t—ata; T—S

ift—ap <t—a<t—(ar+e¢), a€lay,ap], so that we have

~ a) —a
p(t,a) = pola —1)
a» —max(a —t,ay)

ifle)—ay <t—a<t—ay—ay—e, a€la,a],

- . T— (a1 +e)—t
plt.a) = t—(a1+s)—max(t—a+a1,0)p0(a_t)

ftr—a—ay—ec<t—a<t—a—ap—e¢, a€lay,arl,

ap —a

p(t,a) = pola — 1)

ap —max(a —t,ay)

ift—ay—ap—e<t—a<0, aclay,apl,

- ap —a .
p(t,a) = pt—a,0)
ap — aj
if0<t—a<t—ap, acela,apl,
- T—t -
p(tsa): p(t_aso)

T—(t—a+a)
ift—ap<t—a<t—(ar+¢), acelay,apl.

Subcase 2 Assume that T —a; —ay —e < 0 < T — a; — ap — ¢. Integrating along
the characteristic lines, we get that the solution p of (23) satisfies

. a ds
p(t,a) = pola —t)exp | —
max(a—t,a;) 42 — S

ifle)—ay <t—a<t—ay—ay—e, a€lay,a],

- ! ds
p(t,a) = poa —t) exp <—/ —>
max(t—a+a;,0) T — (@1 +€&) —s
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ift—a—ay—e<t—a<0, acela,al,

5(t.a) = p(t —a, 0)ex (—/t L)
P =r ' P t—a+alf_(al+8)_s

ifO0<t—a<t—ay—ap—c¢, a€la,a],

p(t,a) = p(t —a, 0)exp (—/ ds )
al ap — S

ft—a—ap—e<t—a<t—ap acla,apl,

! d
pt,a) = p(t —a,0)exp (—/ - )
t—a+aj T—S

ift—ap <t—a<t—(ar+e¢), a €lay,apl, so that we have

a —a

pt,a) = pola —1)

ar» —max(a —t,ay)
ifo(e) —ax <t—a<t—ay—ay—e¢, a €lay,a],

. _ T—(a1+e8)—1t
plt.a) = t—(al+£)—max(t—a+a1,0)p0(a_t)

ift—a —a—e<t—a<0,acla,a],

- _ T—(a1+e)—t Lo
L s gy s LA

ifO0<t—a<t—ay—ap—c¢, ac€lay,a],

ap —

pt.a) = iﬁa—aﬁ>

a, —a
ft—a—ap—e<t—a<t—ap aclay,apl,

T—1

t—(t—a+a1)ﬁ(t_a’0)

ﬁ(t,(l) =

ift—ap<t—a<t—(a1+e¢), aclay,apl.

Subcase 3 Assume that t — a; — a, — ¢ > 0. Integrating along the characteristic
lines, we get that the solution p of (23) satisfies

. @ ds
p(t,a) = pola —t)exp | —
max(a—t,a;) 42 — 8
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ité(e) —ar <t —a <0, aela,al,

N - 4 ds
p(t,a):p(t—a,O)exp(—/ az—s>

f0<t—a<t—a —a—¢, acla,al,

St @) = Bt —a.0) (_/ _ 4
pt,a)=p a, 0) exp r—a+a1f—(al+8)—s>

ftr—a—ap—ec<t—a<t—a —ap—e¢, a€la,arl,

- - 4 d
p(t,a):p(t—a,O)exp(—/ abis>

ift—a—ap—e<t—a<t—ap aclay,apl,

. . ! ds
p(t,a) = p(t —a,0)exp | —
t—at+a; T —S

ift—ap <t—a<t—(ar+e¢), a€lay,apl, sothat we have

~ aj) —a
p(t,a) = pola —1)
a» —max(a —t,ay)

ifo(e) —ax <t—a <0, acla,al,

az

pt,a) =

—a _
p(t—a,0)

a

if0<t—a<t—a—a—¢, acla,a],

T—(a1+¢)—t .

@ te) —G—atan 40

plt,a) =

ftr—a—ap—ec<t—a<t—a —ap—e¢, ac€la,arl,

ap

l;(taa) =

—a _
p(t—a,0)
aj

ift—a—ap—e<t—a<t—ap acla,apl,

o T—1 -
p(t,a) = mp(l —a,0)

ift—ap<t—a<t—(a1+e¢), acla,apl.
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In the three subcases, we may conclude that we have

plt.a) =0 if 1€ (0(e), T — (a1 +¢)),
p(t— (a1 +¢),a)=0 if a € (ap, @),

p(t,ap) =0 if te(t—(ar+e¢),7),
p(r,a) =0 if ae(a+e, ap).

(24)

Integrating on the characteristic lines the equation satisfied by p, we get that
p(t,a) =0 if (¢r,a) € [t — (a1 + &), 7] X [ap, at]. (25)
Since p satisfies the renewal law, we may infer that
pt,0)=0 ifr €[t — (a; +¢), 7],
and integrating along the characteristic lines we get that
p(r,a) =0 ifae€[0,a; +¢]. (26)
By (24), (25) and (26) we get that
p(r,a) =0 a.e.a € (0,ay).

It remains to prove that, for each subcase, the control u = —vp belongs to L2(Q).
In order to avoid repetitive arguments, we prove that u € L2(Qt) only in the first
subcase. In this subcase, for almost every (¢, @) € Q+, from (21) and the corresponding
expression of p we have that v p is equal to

pola—i) " e)—ax <t—a<t—ay—ay —¢,

ar»—max(a—t,ay) ae [111 a2]
s s

pola—1) . T—a—ay—&e<st—a<t—a—ap—E¢,
t—(a;+&)—max(t—a+ay,0)

a € lay, ap],

T—ay—ap—&e<t—a<0,

__pola=t) if
ap—max(a—t,ay) a e [al’ ab]v
B—a.0) T R
ap—aj a e [al, ab]v
_p=a.0) c e <r—a<T—@+e),
T (—ataD) a € [ai, apl,
0 otherwise,
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and it follows that we have

Ipo(a—1)| " Oe)—ay <t—a<t—a —ay—e,

min(@(e),az—ar) a € [ay, a2],

Ipo(a—1)| . T—a—ay—&e<t—a<t—a—ap—Ee,
min(t—(aj+e¢),ap—ai)

a € [ay, a],

T—ay—ap—&e<t—a<0

__Ipoa—0)| ¢
lvp| < { mint—(@rte).ap—an) aclar.apl.
|p(1—a,0)] . O<t—a<t—ap,
o a € a1, ap],
[Pl e ]Tma<t—asT—(a+te),
) a € lay, apl,
0 otherwise.

Since p € LZ(Q,), we may infer from the renewal law that we have p(-, 0) € L%(0, 1),
sothatwehave vp € L?( Q). Given (22), it follows that we have vp € LZ(Q,), which
concludes the proof of Proposition 1 in the case where a; > ap. O

3.3 Proof of Theorem 1: from the linear to the nonlinear case

This subsection is devoted to prove Theorem 1, using the result of Proposition 1 and
the comparison principle for age-structured population dynamics (see Theorem 4).

Proof of Theorem 1 Assume that there exists @, > 0 such that (3) holds. Suppose that
a; < ap, and let T > a; — a> + a;. Suppose, first, that ap < ap. Denote by v the
function defined by (13). The solution p to (1) with u := —uvp exists, is unique, and
via the comparison result for age-dependent population dynamics, we get that

0< p(t,a) < p(t,a) ae.(t,a) € Qr, 27

where P is solution to the linear system:
W(t,a)+ %2(1, a)
+(M(ts aL;*O) + U(l, a)X[al,az](a))ﬁ(ts Cl) = Ov (tv (,l) € QT
5.0 = [ prit.a)pir.a) da, re )
0
P0,a) = po(a), a € (0,ay).

(28)

From the proof of Proposition 1, we get that the solution p of (28) satisfies p(z, -) = 0,
with vp € L%(Q-), so that using (27) the solution p to (1) with u = — pv satisfies
p(t,) = 0withu € L?(Q,).

The case where a; < a» is similar, denoting by v the function defined by (21). This
concludes the proof of Theorem 1. O
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4 Negative null controllability results when the young individuals do
not reproduce

This section is devoted to prove that the results obtained in Theorem 1 are sharp, in the
sense that if we do not control before the individuals start to reproduce or if the control
time horizon 7 is too small, then system (1) may not be null controllable. Following the
methodology of the previous Sect. 1, we first prove Theorem 2 in the linear setting (see
Proposition 2) and we shall deduce the results of Theorem 2 from those of Proposition
2 and the comparison principle for age-structured population dynamics (see Theorem
4).

More precisely, let us first consider the linear controlled system (10) subject to
assumptions (L.1)—(LL4) stated in the beginning of Sect. 3. We first prove the following
Proposition 2 which is the “linear version” of Theorem 2:

Proposition 2 With the above notations and assumptions,

(1) Assume that there exists ap € (0, ay) and ap € (0, a] with a, < a,, such that,
for almost every t € (0, T) we have

Bo(t,a) >0 a.e.a € (ap, ay). 29)

If a1 > ap, then for every T > 0, there exists py € L2(0, ay) with po(a) > 0
a.e. a € (0, ay) such that there is no control u and a corresponding nonnegative
solution p to (10) satisfying

p(t,a) =0 a.e.a e (0,ay).

(i) If T < ay — ax + ay, then there exists a function By satisfying (L1)—(L2) and an
initial population density py € L*(0, ay) with po(a) = Oa.e.a € (0, at) such that
there is no control u and a corresponding nonnegative solution p to (10) satisfying

p(r,a) =0 a.e.a e (0,ay).

Proof of Proposition 2(i) Suppose that there exists a, € (0, ay) and a,, € (0, a+] with
ap < ap, such that (29) holds. Assume, first, that a; = ap and let T > 0. Since a; > 0,
note that there exists m € Nand r € [0, a1) such that T = maj + r. We may suppose,
without loss of generality, that m > 2. Let pg € LZ(O, ay) such that

po(a) >0 ae.ae (0,a —r). 30)

Suppose that there exists a control function # € L*(Q.) and a corresponding
nonnegative solution p of (10) such that

p(t,a) =0 ae.a e (0,ay).
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Since p(t,a) = 0 for almost every a € (0, aj), integrating along the characteristic
lines we have that

p(t,0)=0 ae.t €(rt—ay,r1). 31

Since p satisfies the renewal law, for almost every t € (t — aj, t) we have that
ay am
p(,0) = f Bo(t,a)p(t,a)da > / Bo(t, a)p(t, a)da. (32)
0 ap

Since p(t,a) > 0 for almost every (t,a) € Qr, using (31) and (32) we have, for
almost every t € (t —ay, 7),

/ Bot, a)p(t,a)da = 0. (33)
ap

Using the assumptions on the function Sy and the fact that p(¢,a) > 0 for almost
every (¢, a) € O, together with the above equality (33) we have that

pt,a) =0 ae.(t,a) € (t —ay, t) X (ap, am).
Integrating along the characteristic lines, we have that
pt,0)=0 ae.t € (t—2a;,t—aj).
Using and induction argument, we may infer that
p,0)=0 ae.t € (t —(m— l)a, v —may).

Recall that t — ma; = r. Using again the renewal law, it follows from the above
equality that

p(t,a)=0 ae.(t,a) € (r — (m — Day, r) x (ap, am),
and integrating along the characteristic lines we have that
p0,a) =0 ae.aec(0,a; —r),

which is a contradiction with (30) (see Fig. 3).

Since it is not possible to bring the population to zero in any time t in the case
where a; = ap, we may infer that it is not possible to bring the population to zero in
the case where a; > ay, so that Proposition 2(i) is proved. O
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ta
T = 3(11 = = \\x
at
R T — 5
T —2ay [oeeemememeeees .
T —3ay [ 5
0 a —r ap  am a3 a; ‘a

Fig. 3 In this figure, we have t = 3a; 4 r with r € [0, ay). If we suppose that the population vanishes in
time 7, we may deduce that the population vanishes in the whole blue dashed domain, so that the initial
population has to be null in the age interval (0, a; — r)

Proof of Proposition 2(ii) Let T < ay — a> + a1. Suppose that there exists a control
function u € L?(Q-) and a corresponding nonnegative solution p of (10) such that

p(t,a) =0 a.e.a e (0,ay).

We may divide this proof in two cases.

Case 1 Suppose that T < a; — az. Then, for almost every (t,a) € Q. with
ay < a—t < ay — v, we have that

t t
/ exp{—/ u,o(a,a—t—l—a)dcr}X[al,az](a—t—i—s)u(s,a—t+s)ds=0,
0 s

so that from (11), for almost every (t,a) € Q; withay < a —t < ay — v we have
that

t
p(t,a) = exp {—/ pols,a —1 +s>ds} pola — 1),
0
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and it follows from the above equality that we have that

T
p(t,a) =exp {—/ no(s,a—1t+s) ds} pola —1) ae.a e (tr+az, a;),
0

so that from the above equation the condition p(z, -) = 0 cannot be fulfilled in the
case where po(a) # 0 for almost every a € (a2, a; — 7).

Case 2 Suppose that T > a+ — ap. Since p(t, a) = 0 for almost every a € (0, aj),
integrating along the characteristic lines we have that

pt,0)=0 ae.t € (t—ay,r1). (34)

Note that, since T < ay — ap + a1, we have T — a; < ay — ap so that from (34) and
using the fact that a; — az < 7, we have, in particular,

p(t,0)=0 ae.t € (r—ay,a; —az).

Since p satisfies the renewal law, for almost every ¢ € (t — ay, a+ — a) we have that

ay
p,0) = /0 Bo(t, a)p(t,a)da = 0. (35)

Since Bo(t,a) > Oand p(t, a) > Oforalmostevery (¢, a) € (t—aj, a;—az) x(0, ay),
we deduce from the above equality (35) that we have

Bot,a)p(t,a) =0 ae. (t,a) € (vt —ay,a; —az) x (0, a;). (36)
Define the triangle
T:={ta)e Qr, m<a—t<ar—(t—a), a>t—a +a, t >1—a@)

See Fig. 4 for a picture of the triangle position. From (36) and (37), for almost every
(t,a) € T we have

Po(z, a)p(t,a) = 0. (38)

Moreover, for almost every (¢, a) € 7 we have that

t t
f exp{—/ ,uo(o,a—t—l—a)da}X[aI,CZZ](a—t+s)u(s,a—t+s)ds=0,
0 s

so that from (11), for almost every (¢, a) € 7 we have that

t
pt,a) = exp {—f ols,a — 1 + s)ds} pola —1),
0
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Fig.4 Inthis figure, we have T < a4 —ap +aj and T > a4 —ay. If we suppose that the population vanishes
in time 7, because of the renewal law, we may deduce that the population or the function 8 has to be null
within the blue dashed triangle 7 (region which is not influenced by the control). This is not the case in
general : We may choose an initial condition which is strictly positive in the age interval (ap, a+ — (t —ay))
and a strictly positive function § in the blue dashed triangle

and using the above equality, the condition (38) may be rewritten as

1
Bo(t, a) exp {—/ wo(s,a—1t+s) ds} pola—1t)=0 ae. (t,a)eT.
0

This condition may not be fulfilled in general: take, for instance, By(¢,a) = 1 for
almost every (f, a) € 7 and po(a) > 0 for almost every a € (a2, at — (r —ay)). This
concludes the proof of Proposition 2(ii). O

We now prove Theorem 2 in the more general nonlinear case, using again the
comparison principle and the results of Proposition 2 relatively to the linear setting.

Proof of Theorem 2 (i) Let t > 0 and a; > 0. Assume by contradiction that there
exists a control u and a corresponding unique nonnegative solution p of (1) such
that p(r,a) = 0 a.e. a € (0,a;). We have that P € L*°(0, t), where P(t) =
fo7 p(t, a)da. Denote by M = || P||1>(0,r) and by

B-(t,a) :=Bt,a, M), u4(t,a):=u, a0, ae. (ta)e€ Q.
By the comparison principle for age-structured population dynamics we get that

0< pt,a) < p(t,a), (t,a) € Q!
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(along almost every characteristic line), where Q% = (0,7) x (0,ay), a, =
min{ay, a;,}, and p is the solution to the linear system

301, a)+ 2L (t,a) + i (1, @) p(t,a) =0, (t,a) € Q!

ﬁ@m:/lﬂQMﬂme, te.1)
0

p(0,a) = po(a), a € (0,aj).

More precisely, we have used the comparison principle [see Theorem 4(ii)] for the
functions B, B2, 11 and wu, defined on Q; by

B-(t,a) if (t,a) € QL,

0 otherwise,

Bi(t,a) = B_(t,a), Pa(t,a):= {

l’l“l(t7 (1) = M-‘r(t’ Cl), /LZ(L Cl) = /L(t, a, P(t))a

noting that we have
Pi(t,a) = pa(t,a) and (1, a) < pa(t,a) a.e.in Q.

Since B_(t,a) > 0 ae. (t,a) € (0,7) x (ap,a1), we may conclude that for pg
satisfying

po(a) >0 ae.ae0,ar),

we getthat p(¢, a) > 0along almost any characteristic line. Since we have p(z, a) > 0
a.e.a € (0,ap), we get a contradiction with the fact that p(z,a) = O a.e.a € (0, ay).
O

Proof of Theorem 2(ii) Let us take B := By, where By is chosen as at the end of the
proof of Proposition 2(ii), then arguing again by contradiction and using the com-
parison principle for age-structured population dynamics we get the conclusion as in
Theorem 2(i). O

5 Controllability results with general assumptions on the fertility rate

This section is devoted to prove Theorem 3, when no extra assumption on the function
B is assumed (in particular, we may have § > 0 in some interval of ages near zero). To
this aim, we follow the methodology of the two previous sections and we first prove
Theorem 3 in the linear setting. The results of Theorem 3 will be deduced from those
of Proposition 3 and by the comparison principle.

Let us first consider the linear controlled system (10) subject to assumptions (L1)—
(L4) stated in Sect. 3. We will prove the following Proposition 3 which is the “linear
version” of Theorem 3:

Proposition 3 With the above notations and assumptions,

(1) Assume that ay = 0 and ay > 0. If T > ay — ao, then for every pg € L2(0, ay)
with po(a) = 0 a.e. a € (0, a;), there exists u € L2(Q,) and a corresponding
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unique nonnegative solution p of (10) such that
p(t,a) =0 a.e.a e (0,ay).

(i1) Assume that there exists a,, € (0, ay] such that, for almost every t € (0, T) we
have

Bo(t,a) >0 a.e.a € (0,ay).
If a; > 0, then for every T > 0, there exists py € L%(0, ay) with po(a) = 0
a.e. a € (0, ay) such that there is no control u and a corresponding nonnegative
solution p to (10) satisfying

p(t,a) =0 a.e.a < (0,ay).

(iii) If T < ay — ap, there exists an initial population density py € L%(0, ay) with

po(a) = 0 a.e. a € (0, ay) such that there is no control u and a corresponding
nonnegative solution p to (10) satisfying

p(t,a) =0 a.e.a e (0,a;).

Proof of Proposition 3(i) Suppose that © > a+ — ap. Without loss of generality, we
may assume that T < ay. Let us prove that there exists a feedback control # and a
corresponding unique nonnegative solution p of (10) such that

p(t,a) =0 ae.a e (0,a;).

Denote by ¢ := %(‘L’ — (a+ — ap)). For almost every (¢, a) € Q¢, let us consider

the feedback control u(¢, a) := —v(¢, a) p(¢t, a), where
1 ” e—ay <t—a<ay—2a)+e,
i
a —da ae [O’ a2]9
1 i a;y —2ay +e <t —a < a;y —2ax + 2e,
_ i
ar —ay+¢e—t a €0, a],
ar —2ay+2e <t—a<ay—ay+e,
(t, a) = N P (39)
0 if {1tela;—2a+2¢,a; —ax+el,
a € |[0,a; —¢],
1 " ar—ar+e <t <,
i
T—1t a € [0, a],
0 otherwise.
The structure of v is given in Fig. 5. The solution to (10) with u = —vp exists,

is unique and nonnegative (see Anita [5]), and via the comparison principle for age-
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/;,,,
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Fig.5 The structure of the control v whenay =0and 7 > ay —ap

dependent population dynamics [see Theorem 4(ii)] we get that
ng(t’a)gﬁ(tva) a.c. (tva)e Q‘L’s (40)

where p is the solution to

3(t,a) + 3.1, a) + v(t, @) p(t,a) =0, (1,a) € Q¢
aj

pt,0) = M/ p(t,a)da, t e (0, 1) 41
0

ﬁ(oa a) = PO(a)’ ae (Oa a-{-),

where M := ||BollL>(0,)-

There may be again three subcases to discuss, depending on the order relationship
of ar — 2ay + €, ay — 2a2 + 2¢ and O (since the expression of the solution p of
(41) may be different in each subcase). Here, we do the proof only in the case when
a; —2az 4+ ¢ > 0 (namely, the case when ay is sufficiently small) which is pictured in
Fig. 5. In this case, integrating along the characteristic lines, we get that the solution

p of (41) satisfies
- 4 ds
p(t,a) = po(a —t)exp | —
a—t 42 —§
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ife—ay<t—a<0, acl0,az],

- - ¢ ds
P(t,a)=p(t—a,0)exp<—/ )
0o a2 —=s

if0<t—a<a;—2a+¢, acl0,azl,

. - ! ds
p(t,a) = p(t—a,0)exp| — _—
(—q A —a2 +&—S

ifay —2a+¢ <t —a<ay—2ay+2¢, ael0,al,
pt,a)=pt —a,0)

ifay—2ay+2¢ <t—a < ay—ax+e, t € la;—2a242¢, ar—ax+¢], a € [0,a2—¢],
so that we have

tr—a ( ) " e—am <t—a<0,

—_— a—1 1

a=@=nPo a € [0, az],

B O<t—a<ai—2a)+s,

L4 5t — q,0) if ST
2 a € [0, az],

p= G—ayte—t - o lar—2a+e <t —a<ar —2ay +2e(42)
aatea =@ 0 1y S
ay —2ay +2e <t—a<ay—ay+e,
p(t —a,0) if §¢te€lay —2ax+2¢e,ar—ax+e],

a € |0,a; —e].

We may conclude from the above formulas that we have

p(t,a) =0 if 1€(ear—ar+e),

. ‘ (43)
play —ar+¢€,a) =0 if a € (ay — &, a2).

Integrating on the characteristic lines the equation satisfied by p, we get from (43)
that

p(t,a) =0 if (¢t,a) € lay — a2 + ¢, 7] X [az, at]. (44)

By (44) we get that

1 . | B
—:X[O,az](a)P(t,a) = —:P(I, a)
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a.e. (t,a) € [a; —az + &, 7] x (0,ay), and so we may infer that p is the unique
nonnegative solution to

W,a)+ 3@, a)+ L pt,a) =0,  (t,a) € (ar —ar +&,7) x (0, a4)

T—t
ar
p(t,0) =M/ p(t,a)da, te(ar—ar+e,1)
0
play —ax+¢€,a) = play —ax+¢e,a), ac(0,ay).
We may conclude that
p(t,a) =h(t)g(t, a)

a.e. (t,a) € [ay —azx + ¢, 7] x (0, ay) (p is separable), where g is the solution to

E,a) + FEt,a) =0, (t,a) € (a; —az + £, 7) x (0, ay)
ay

g, 0) = M/ g(t,a)da, te(ar—ax+e,1)
0

glar —ar+¢e,a) = plas —ax +¢,a), ae€(0,ay),

and £ is the solution to

1
h/(t) + :h(t) = 0, t e (ClT —apy + &, T)

h(a; —ax+¢) = 1.

Hence for every ¢ € [a; — ap + ¢, T] we have

1
h(t) = T~ @ —amto) (t —1). (45)

By (45) we get that p(t,a) = 0 a.e. a € (0, a;) and consequently
p(t,a) =0

ae.a € (0,a+).
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It remains to prove that the control u = —vp belongs to L>(Q). For almost every
(t,a) € (0,a; —az +¢) x (0, az), from (39) and (42) we have that

pola —1) " e—ay<t—a<0,

a—(a—1) a € [0, az],

p(t —a,0) " 0<t—a<a;—2a+e,

a a € [0, az],
lvp| = plt —a,0) ¢ ar —2a, +& <t —a < ay — 2a; + 2¢(46)

ar—ay+e—(—a) a € [0, az],
ay —2ay +2e <t—a<ay—ay+e,

0 if {¢te€ [aT—Zaz—i—Zs,aT—ag—{—s],
a € [0,a; —¢],

and it follows from (46) that we have

|po(a —1)] . e—ary<t—ax<0,
£ a € [0, az],
pe—a,0l  [0<i—a<a—2a+e.
ar a € [0, as],
lvpl < § |p(r —a, 0)] ¢ a; —2a, +e <t—a<ay —2a, +2, (“47)
a — ¢ a €0, ay],
ay —2ay+2e <t—a<a;—ay+e,
0 if {1t ¢€la;—2ar+2¢ ar —ax+el,
a e [0,a; — ¢].

Since p € L?((0, ay —ay +€) x (0, ay)), we may infer from the renewal law that we

have j(-, 0) € L2(0, ay — az + €), so that from (47) we have vp € L2((0,a+ —ar +

¢) x (0, ay)). Given (40), it follows that we have vp € L2((0, ar —az+¢) x (0, ar)).
On the other hand, for almost every (¢, a) € (a+ —az + ¢) x (0, a2) we have

1 1
lv(t, a)p(t, @) < |v(t,a)p(t, a)| = T gt a) = — @ - +8)g(f,a),

and so that vp € L2((aJr —ay+¢,1) X (0,a2)), which ends the proof of Proposition
3(31). O

Remark 1 Note that actually, in the above proof, the control u defined by u(t) =
—& p(t) for every t € (ay — az + ¢, 1) is the feedback null control as defined by
(8) (see Sect. 2) associated to the Lotka-McKendrick semigroup where the functions
B and p are defined by B(a) := M and w(a) := 0 for almost every a € (0, a2).
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Proof of Proposition 3(ii) and (iii) The proof of Proposition 3(ii) follows the proof of
Proposition 2(i), taking a, = 0 and a; > 0, so we omit it. Moreover, the proof of
Proposition 3(iii) is the same as the proof of Proposition 2(ii), Case 1. O

Note that the proof of Theorem 3 follow closely the proofs of Theorems 1 and 2
(see Sects. 3 and 4), so we omit it.

6 An application of the linear controllability results: from a
population to another one

In this section, we give an application of Propositions 1 and 3 to a linear population
control problem. The aim of this section is, roughly speaking, to steer an initial popu-
lation density to another population density in sufficiently large time, dealing with age
restriction. More precisely, let T be a positive constant and assume that p is solution
to the system:

3.(t,a) + 32(t,a) + po(t, @) plt, @) = Kja.a)@w(t,a), (t,a) € O
p(t,0) = /HT Bo(t, a)p(t, a)da, t€(0,1) (48)
0

p(0,a) = po(a), a € (0,ay),

where the functions pg and By are assumed to follow (L1)-(L4) (see Sect. 3),
w € LZ(Q,) is a nonnegative function and pgy € L2(0, a;) is a nonnegative ini-
tial population density. We aim to find a control function u € L?(Q-) such that the
corresponding unique solution p to (10) coincides with the solution p to (48) in time 7,
while preserving the nonnegativity of p. Such a problem has been studied, for instance,
in the pioneering work [6] and more recently in [8], assuming that the functions g,
Bo and w do not depend on the time, the control function u is supported in the age
interval (0, ap) for some ap < a+ and p is a steady state of (10). The main novelty we
bring here is that we may be able to steer the solution p of (10) to the solution p of (48)
by means of a feedback control function u, without considering the above-mentioned
restrictions. More precisely, we have

Proposition 4 With the above notations and assumptions, assume that at least one of
the two following conditions is fulfilled.

Condition 1 There exists ap € (0, ay) such that (12) is satisfied, with a1 < ap, and
T>ay—ay+tai,

Condition 2 ay =0 and t > a+ — as.

Suppose that w and j are both nonnegative functions in L*>(Q), where p is the
solution of (48). Then for every pgy € L2(O, ay) with po(a) = O a.e. a € (0, ay), there
exists u € L*(Q-) and a unique nonnegative solution p of (10) such that

p(tr,a) = p(r,a) ae.a € (0,a3).
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Proof Suppose, first, that the Condition 1 of Proposition 4 is fulfilled. For almost every
(t,a) € O, we set

u(t,a) :=w(t,a) —v(t,a)(p(t,a) — p(t,a)) ae. (t,a) € O, 49)

where v is defined by (13) [resp. by (21)] in the case where a» < ap, (resp. in the case
where a; < ap).

Denoting by & := p — p, using (10), (48) together with the above definition of the
control function u given by (49), we get that £ is solution of the following system:

it a)+ L1, a)
+Mo(t,a)i‘zlft7a) = —Xap,a)@V(t, )h(t,a), (t,a) € O

h(t,0) = / ' Bolt, a)h(t, a)da, 1€ 0,1)
h(0,a) = hoo(a), a € (0,ay),

(50)

where ho(a) := po(a) — po(a) for almost every a € (0, a;). From the proof of
Proposition 1, we get that the solution & of (50) satisfies A(z,-) = 0, with vh €
L%(Q-). It follows that we have p(t,-) = p(t,-) and u = w — vh € L?(Qy).

It remains to show that the unique solution p to (10) corresponding to u defined by
(49) is nonnegative. Since u is defined by (49), we get that p is solution to

%—’,’(t,a) + g—ﬁ(t,a)
+alt, a)pl(li, a) = Xa,a (@, a) +v(t,a)p(t,a)), (t,a) € O

p,0) = f Bo(t,a)p(t,a)da, te0,1)
0
p(oa a) = PO(Q)’ a e (Oa a'{')a

(D

where [i(f, a) := po(t, a) + X[a;,a,1V (¢, a) for almost every (¢, a) € Q.. Noting that,
for almost every (f, a) € Q, we have

Xla,a](@@(t, a) +v(t,a)p(t,a)) =0 ae. (t,a) € O,

it follows from the comparison principle for linear age-structured population dynamics
[see Theorem 4(i)] that the solution p of (51) satisfies p(¢, a) > 0O for almost every
(t,a) € Q.

In the case where the Condition 2 is fulfilled, we may consider v as defined by (39)
and follow the above proof to get the desired result. O
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7 Lack of null controllability for the Lotka-McKendrick equation with
spatial diffusion and positivity constraints

In this section, we consider a linear controlled age-structured population model with
spatial diffusion described by the following system:

Fw.a.0)+ 5w a0 +ut,apt.a,x) - Ap(t.a,x)

= Xw(X)u(t,a, x), (t,a) € Qr, x €
2—p(t,a,x)=0, (t,a) e Qr, x € 082
v
ay
pt,0,x) = [ B(t,a)p(t,a,x)da, te(0,7), x €2
0
p(Ovavx) = PO(asx)7 a e (0, (IT), x € £2.
(52)

In the above equations:

e 2 C RY, N > 1, denotes a smooth connected bounded domain and A is the
Laplacian with respect to the variable x;

0 N . L .
e — denotes the derivation operator in the direction of the unit outer normal to 952.

V\})e thus have homogeneous Neumann boundary conditions; thus, the considered
population is isolated from the exterior of £2;
e p(t,a, x) denotes the distribution density of the population at time ¢, of age a at
spatial position x € £2;
po denotes the initial population distribution;
a; € (0, 400) is the maximal age of an individual;
B and p are nonnegative functions denoting respectively the birth and death rates;
o CC §2 is a nonempty open subset of £2 and ¥, denotes the characteristic
function of w.

Let 7 be a positive constant. We make the following classical assumptions on 8 and
e

D1) B € L®(Q), B(t,a) > 0 for almost every (¢, a) € Qr,

(D2) we Ll ([0,7]x[0,a+)), u(t, a) > 0 almost every (¢, a) € Q-.

loc

From a controllability view point, system (52) has been extensively studied in the
past decades. The particular case when the control acts in the whole space (the case
corresponding to w = §2) was investigated by Anita (see [5], p 148). The case when
the control acts in a spatial subdomain @ was firstly studied by Ainseba [1], where
the author proves the null controllability of the above system (52), except for a small
interval of ages near zero. The case when the control acts in a spatial subdomain
o and also only for small age classes was investigated by Ainseba and Anita [2],
for initial data pg in a neighborhood of the target p. Related approximate and exact
controllability issues have also been studied in Ainseba and Langlais [4], Ainseba and
Tannelli, Traore [17], Kavian and Traore [12].

In a recent work, Hegoburu and Tucsnak [9] proved that, in the case where both
functions 8 and i do not depend on the time variable, the above system (52) is null
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controllable in any time t > 0, in the sense that for any pg € L2((0, ay) x §2), there
exists a control function u € L°°(0, t; L2((O, ay) x §2)) such that the corresponding
solution p of (52) satisfies

p(r,a,x) =0 ae.(a,x) e (0,a;) x £2.

This result has been recently improved by Maity et al. [15], assuming that the young
individuals are not able to reproduce before some age a; > 0, where the control
function u in system (52) has support in some interval of ages [ay, a2], where 0 <
a; < az < ay. In [15], the authors proved the null controllability result with this
additional age restriction, provided that the control time t is large enough, and the age
ay is smaller than ap,.

The aim of this section is to prove that, in general, the solution p of the controlled
system may not be positive in the whole time interval [0, T]. More precisely, we have:

Proposition 5 Let T > 0. With the above notations and assumptions, suppose that for
almost every t € [0, t], we have that

B(t, ) is positive on a subset of positive measure of (0, a;), (53)
and denote by
E;:={a € (0,a:+); B(t,a) #0} and E; :=supE,. (54)
Suppose that
m :=inf {E}, 1 €[0,7]} > 0. (55)
Then there exists py € L2((O,a-1-) X §2) with po(a,x) = 0 for almost every
(a,x) € (0,ay) x §2 such that there does not exists a control function u €
L*((0, 7); L*((0, a+) x 2)) such that
p(t,a,x) =0 a.e. (a,x) € (0,ay) x $2,
together with
pt,a,x) >0 ae.(t,a,x) € Q; X $2.
In other words, for some well chosen nonnegative initial condition pg € L2((0, ay) x

£2), it is not possible to eradicate the whole population in time t while keeping the
nonnegativity of the state trajectory.

Proof Let T > 0, and assume that (53) and (55) are satisfied. Denote by w® the
complementary of w in £2. Let hy € L?(£2) be a nonnegative function such that for
almost every x € o° we have

ho(x) >0 a.e. x € 0. (56)
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For almost every (a, x) € (0, a;) x §2, we set

po(a, x) := ho(x).

(57

It is clear that the initial condition py defined by (57) belongs to L2((0, a+) x £2)
and is a nonnegative function. Let 7 > 0. Suppose that there exists a control function
u e L0, 7); L*((0, a+) x £2)) such that the two following conditions are fulfilled:

p(t,a,x) =0 a.e. (a,x) € (0,a;) x £2,

and

pt,a,x) >0 ae.(t,a,x) € Qr X £2,

where p is the solution of (52).

In the subdomain Q; x ¢, given (52) and (57), the function p satisfies

a3—’,’(t,a,X)+g—Z(t,a,X)
+I"l’(tva)p(t’ a, x) - Ap(t’a9x) = Oa
0
—p(t,a,x) =0,
av

a-

p(t,0,x) :/ T;3([,61);7(t,a,)c)da,
0
p(0,a, x) = ho(x),

By the comparison principle, for almost every (¢, a, x) € Q; x »°, we have that

p(t,a,x) > p(t,a,x) >

where the function p satisfies the following equation:

%—f(t,a,x)Jr g—f(t,a,X)
+u(t,a)p(t,a,x) — Ap(t,a,x) =0,
p(t,a,x) =0,
55
—p(t,a,x) =0,
v
ay

ﬁ(t,O,x):/ B(t,a)p(t,a,x)da,
0
p(0,a,x) = ho(x),

(t,a) € O, x € 0
(t,a) € Q, x € 082

te0,7), x € 0

a € 0,a), x € 0.

O,

(t,a) € O, x € 0
(t,a) € Qr, x € dw

(t,a) € Q, x € 082
te0,1), x €

a € (0,a1), x € 0°.

(58)

(59)

Note that the above system (59) is separable, in the sense that the solution p to (59)

writes as

pt,a,x) =g, a)h(t,x) ae.(t,a,x) € Q¢ X &,

(60)
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where the functions g € C([0, ] x[0,a+]\ S) (S = {(t,a) € [0, 1% [0, at]; t = a})
and h € C([0, T]; L2(£2)) are respectively solutions to

8(t,a) + 55(t,a) + p(t.a)g(t.a) =0, (1,a) € O
ay

g(t,0) = B(t,a)g(t,a)da, te(0,1) (61)
0
g(ova)zlv ae(O,aT),

and

(t,x) — Ah(t,x) =0, te€(0,7), x € &

h(t,x) =0, te(0,1), x € dw

dh

a—(f,x)=0, te€(0,7), x €982
v

h(0, x) = ho(x), X € of.

Given assumptions (53) and (55), let us prove that, for every t > 0, we have that
g(r,a) > 0 on a subset of positive measure of (0, a+). To this aim, integrating along
the characteristics the equation satisfied by g, for almost every (¢, a) € Q. we have

t
exp<—/ u(s,a—t—i—s)ds), az>t,
g(t,a) = 0. (62)

exp<—/ /L(t—a—i—s,s)ds) B(t—a), a<t,
0
where
B(t) = /QT B(t,a)g(t,a)yda a.e.t e (0,71).
0

Suppose that there exists t > 0 such that for almost every a € (0, a;) we have
g(t,a) = 0, where g satisfies (61). Given (62), necessarily, we have T > a+. Assuming
that g(z, a) = 0 for almost every a € (0, ay) for some T > a;, from (62) we have

B(s) =0 ae.s e (t —ay, 1),

so that, in particular, we have

B(t —ay) = / Bt —ay,a)g(t —ay,a)da =0, (63)
T—ay

where E; g, is defined by (54). Since 8(t — ay, a) > 0 for almost every a € E;—g,
and p is assumed to be positive, from (63) we get that for almost every a € E:—q.,
we have

gt —as,a)=0 ae.aec E;y.. (64)
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Denote by EW .= EF  where ET

T—ay T—ay is defined by (54). From (64), we have
gt —asy, EM) =0. (65)

IfED > ¢ — ay, the above condition (65) gives a contradiction with (62). Otherwise,
we have ED < ¢ — a; and integrating along the characteristics, we have

gt —ay — ED 0)=0.

Denote by E? = E:_M_ £~ Following the previous arguments, we may deduce

from the renewal law that we have
gt —a; —EV E®)=0. (66)
If E® > ¢ — a; — E () the above condition (66) gives a contradiction with (62).

Otherwise, we have E® < 7 — a3y — E() and integrating along the characteristics,
we have

gt —a; —EV —E® 0)=0.

Define, recursively, the sequence (E("))n>1 by ED = Ef . and E(+D

Following the above procedure, we way obtain by induction that

a

+
Ef_aT_E(l)_..A_E(n)'
forevery n > 1suchthatt —ay — ED — ... — E™ > 0, we have

gt —ar—ED — ... E®W gDy —

Recall that there exists m > 0 such that, for almost every ¢ € [0, ] we have E,+ >
m > 0. Thus, denote by [ the first integer such that

T —ay — EDL _ ... _ 0O _ gl+h <0.
Then, the condition
gt —as — ED ... O gU+Dy —,
gives a contradiction with (62), since E¢*D) > 7 —ay — ED — ... — ED Tt follows

that g(z, ) cannot be the null function. By (60) we have that A (7, x) = 0 for almost
every x € w. From the backward uniqueness for the parabolic equations, we have
ho(x) = 0 for almost every x € w°. This is a contradiction with (56). O

Remark 2 Using the comparison results for age-structured population dynamics with
spatial diffusion and feedback controls of harvesting type, it is possible to obtain null-
controllability results when the control function « acts in the whole habitat £2, for any
t € (0, 7) but only for some age subinterval.
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