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! _2K�`[m2 ě .�Mb H� /û}MBiBQM T`û+û/2Mi2 ,

• X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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• X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 d ě .QMM2` TQm` +?�+mM /2b i`BMƬK2b f - g- h- i 2i j- k /û}MBb bm` R- H2b +Q2{+B2Mib
a- b 2i c ,

• f(x) = 2x2 + 3x+ 7 A+B , a = . . . - b = . . . 2i c = . . .

• g(x) = x2 + 2- 7x− 1 A+B , a = . . . - b = . . . 2i c = . . .

• h(x) = −x2 + 6 A+B , a = . . . - b = . . . 2i c = . . .

• i(x) = −3x2 − 8x A+B , a = . . . - b = . . . 2i c = . . .

• j(x) = 6x− 1

2
x2 + 9 A+B , a = . . . - b = . . . 2i c = . . .

• k(x) = x2 A+B , a = . . . - b = . . . 2i c = . . .

P"C1*hA6 .l *>�SAh_1 , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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jXR Jûi?Q/2 /2 +QKTHûiBQM /m +�``û

! 1t2KTH2 3 ě aQBi x mM MQK#`2 `û2HX

x2 + 10x =

X

x2 − 6x =

1M `ĕ;H2 ;ûMû`�H2- QM � ,

S`QTQbBiBQM 9 % *QKTHûiBQM /m +�``û
SQm` iQmb MQK#`2b `û2Hb k 2i x-

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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! 1t2KTH2 N ě aQBi x mM MQK#`2 `û2HX

x2 + 12x =

X

x2 − x = x2 + 7x =
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S`QTQbBiBQM 8 % 6Q`K2 +�MQMB[m2
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X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

P (x) = . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�p2+ α = 2i β =

*2ii2 û+`Bim`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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! 1t2KTH2 Ry ě aQBi f H2 i`BMƬK2 /û}MB bm` R T�` f(x) = 2x2 + 12x+ 10X
.ûi2`KBMQMb b� 7Q`K2 +�MQMB[m2 pB� i`QBb Kûi?Q/2b /Bzû`2Mi2bX

J1h>P.1 R , 2M miBHBb�Mi mM2 +QKTHûiBQM /m +�``û U¨ K�ŗi`Bb2`V

1i�T2 R , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

SQm` iQmi MQK#`2 `û2H x- f(x) =

1i�T2 k , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

SQm` iQmi MQK#`2 `û2H x-

f(x) = . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

= . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1i�T2 j , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

SQm` iQmi MQK#`2 `û2H x-

f(x) = . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

= . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

= . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

*QM+HmbBQM , SQm` iQmi MQK#`2 `û2H x- f(x) = Qɍ a = . . . - α = . . . 2i β = . . .
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J1h>P.1 k , 2M +�H+mH�Mi α = − b

2a
TmBb β = f(α)
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2a
TmBb β = −b2 − 4ac

4a
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+�MQMB[m2 T`û+û/2Mi2X
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9 o�`B�iBQMb /2 x $→ ax2 + bx + c

9XR o�`B�iBQMb
S`QTQbBiBQM e % g o�`B�iBQMb /ǶmM i`BMƬK2 g

aQBi f mM2 7QM+iBQM /û}MB2 bm` R T�` f(x) = ax2 + bx+ c mM2 7QM+iBQM TQHvMƬK2 /m b2+QM/ /2;`û
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S`2mp2

.ûKQMi`QMb +2ii2 T`QTQbBiBQM /�Mb H2 +�b Qɍ a > 0X
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X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 k ě .�Mb pQi`2 +�?B2` /Ƕ2t2`+B+2b- `ûbQm/`2 /�Mb R H2b û[m�iBQMb bmBp�Mi2b ,

U�V 2x2 + x− 1 = 0 U#V x2 − 3x+ 1 = 0 U+V 0- 3x2 − 3x+ 7- 5 = 0

U/V 4x2 + x+ 1 = x2 − x− 5 U2V x(8− x) + 1 = 0
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RXj _ûbmKû /2b /Bzû`2Mi2b bBim�iBQMb

∆ > 0 ∆ = 0 ∆ < 0

a > 0

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

a < 0

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

_�+BM2b

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

k *�b Qɍ H2 +�H+mH /2 ∆ 2bi BMmiBH2 TQm` i`Qmp2`
H2b `�+BM2b

*QMbB/û`QMb HǶû[m�iBQM (E) : ax2 + bx+ c = 0 Qɍ a- b 2i c bQMi i`QBb `û2Hb Ua != 0VX

kXR *�b Qɍ c = 0

.�Mb H2 +�b Qɍ c = 0- HǶû[m�iBQM bǶû+`Bi , (E) : . . . . . . . . . . . . . . . . . . . . . . . .

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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! 1t2KTH2 j ě _ûbQm/`2 /�Mb R HǶû[m�iBQM , 4x2 − 13x = 0X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

kXk *�b Qɍ b = 0

.�Mb H2 +�b Qɍ b = 0- HǶû[m�iBQM bǶû+`Bi , (E) : . . . . . . . . . . . . . . . . . . . . . . . .

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

S`QTQbBiBQM R % 1[m�iBQM x2 = k Uk `û2HV
aQBi k mM MQK#`2 `û2HX

• X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

• X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

• X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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! 1t2KTH2 9 ě _ûbQm/`2 /�Mb R HǶû[m�iBQM 2x2 − 50 = 0

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

kXj *�b Qɍ HǶQM T2mi 7�+iQ`Bb2`
1M +�b /2 7�+i2m` +QKKmM �TT�`2Mi- mM2 7�+iQ`Bb�iBQM T2`K2i /2 `ûbQm/`2 2{+�+2K2Mi HǶû[m�iBQMX

! 1t2KTH2 8 ě _ûbQm/`2 /�Mb R HǶû[m�iBQM (E) : x2 − 16− (x− 4)(x+ 3) = 0

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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kX9 _�+BM2b Ŀ ûpB/2Mi2b ŀX _2H�iBQMb +Q2{+B2Mib@`�+BM2b
S`QTQbBiBQM k % aQKK2 2i T`Q/mBi /2b `�+BM2b

aQBi f mM i`BMƬK2 /m b2+QM/ /2;`û /û}MB bm` R T�` f(x) = ax2 + bx+ c U�p2+ a != 0VX

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

S`2mp2

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

Gv+ö2 JB+?2H JQMi�B;M2 N S`2KBĐ`2



k 1[m�iBQMb /m b2+QM/ /2;`û

! _2K�`[m2 ě X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2`+B+2 9 aQBi f H2 i`BMƬK2 /û}MB bm` R T�` f(x) = 3x2 − 2x− 1X

R ě h`Qmp2` K2Mi�H2K2Mi mM2 `�+BM2 /2 f X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
k ě 1M /û/mB`2 HǶ�mi`2 `�+BM2 /2 f U¨ HǶ�B/2 /2 /2mt Kûi?Q/2bVX

X

X

X

! 1t2`+B+2 8 h`Qmp2` K2Mi�H2K2Mi mM2 bQHmiBQM /2 HǶû[m�iBQM , x2 − 2021x − 2022 = 0- TmBb
2M /û/mB`2 mM2 �mi`2 bQHmiBQMX

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

Gv+ö2 JB+?2H JQMi�B;M2 Ry S`2KBĐ`2



9 S`Q#�#BHBiûb , `�TT2Hb /2 b2+QM/2

*>�SAh_1 9
S`Q#�#BHBiûb , `�TT2Hb /2 b2+QM/2

R 1tTû`B2M+2b �Hû�iQB`2b , H�M;�;2 /2b T`Q#�#BHBiûb
.û}MBiBQM R % 1tTû`B2M+2 �Hû�iQB`2

lM2 2tTû`B2M+2 2bi /Bi2 �Hû�iQB`2 HQ`b[m2 b2b `ûbmHi�ib /ûT2M/2Mi /m ?�b�`/X
PM �TT2HH2 Bbbm2 /ǶmM2 2tTû`B2M+2 �Hû�iQB`2 iQmi `ûbmHi�i /2 +2ii2 2tTû`B2M+2X
GǶ2Mb2K#H2 /2b Bbbm2b 2bi �TT2Hû mMBp2`bX PM H2 MQi2 ;ûMû`�H2K2Mi Ω Ub2 HBi Ŀ PKû;� ŀV

! 1t2KTH2 R ě UG�M+û /2 /ûV PM H�M+2 mM /û +m#B[m2 û[mBHB#`û 2i QM bǶBMiû`2bb2 �m MQK#`2 Q#i2Mm bm`
b� 7�+2 bmTû`B2m`2X
*2ii2 2tTû`B2M+2 � /QM+ . . . . . . Bbbm2bX GǶmMBp2`b �bbQ+Bû ¨ +2ii2 2tTû`B2M+2 2bi

Ω = { ; ; ; ; ; }

! 1t2KTH2 k ě UhB`2` mM2 +�`i2V PM iB`2 �m ?�b�`/ mM2 +�`i2 T�`KB mM D2m /2 jk +�`i2b 2i QM bǶBMiû`2bb2
¨ +2ii2 +�`i2X *2ii2 2tTû`B2M+2 � . . . . . . Bbbm2bX GǶmMBp2`b 2bi HǶ2Mb2K#H2 /2b jk +�`i2bX

! 1t2KTH2 j ě U_Qm2V PM 7�Bi iQm`M2` mM2 `Qm2 K�`[mû2 bm` b2b b2+i2m`b
/2 +QmH2m`b /Bzû`2Mi2b 2i QM `2;�`/2 H� +QmH2m` /m b2+i2m` K�`[mû T�` H� ~ĕ+?2X

GǶmMBp2`b �bbQ+Bû ¨ +2ii2 2tTû`B2M+2 2bi Ω =

.û}MBiBQM k % 1pĕM2K2Mib

hQmi 2Mb2K#H2 /ǶBbbm2b 2bi �TT2Hû ûpĕM2K2MiX
lM ûpĕM2K2Mi [mB +QMiB2Mi mM2 b2mH2 Bbbm2 2bi �TT2Hû ûpĕM2K2Mi ûHûK2Mi�B`2X
lM ûpĕM2K2Mi [mB +QMiB2Mi iQmi2b H2b Bbbm2b 2bi �TT2Hû ûpĕM2K2Mi +2`i�BMX PM H2 MQi2 ΩX
lM ûpĕM2K2Mi [mB M2 +QMiB2Mi �m+mM2 Bbbm2 2bi �TT2Hû ûpĕM2K2Mi BKTQbbB#H2X PM H2 MQi2 ∅X

! 1t2KTH2 9 ě

! G2 H�M+2` /2 /û

• 1pĕM2K2Mi ûHûK2Mi�B`2 ,
Ŀ Q#i2MB` 9 ŀ

• 1pĕM2K2Mi ,
Ŀ Q#i2MB` mM +?Bz`2 T�B` ŀ

• 1pĕM2K2Mi BKTQbbB#H2 ,
Ŀ Q#i2MB` d ŀ

" G2 D2m /2 jk +�`i2b
• 1pĕM2K2Mi ûHûK2Mi�B`2 ,

X X X X X X X X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X X X X X X X X X X

• 1pĕM2K2Mi ,
X X X X X X X X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X X X X X X X X X X

• 1pĕM2K2Mi BKTQbbB#H2 ,
X X X X X X X X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X X X X X X X X X X

# G� `Qm2 +QHQ`û2 ,
• 1pĕM2K2Mi ûHûK2Mi�B`2 ,

X X X X X X X X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X X X X X X X X X X

• 1pĕM2K2Mi ,
X X X X X X X X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X X X X X X X X X X

• 1pĕM2K2Mi BKTQbbB#H2 ,
X X X X X X X X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X X X X X X X X X X
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k PTû`�iBQMb bm` H2b ûpĕM2K2Mib

kXR 1pĕM2K2Mi +QMi`�B`2
.û}MBiBQM j % 1pĕM2K2Mi +QMi`�B`2

aQBi A mM ûpĕM2K2Mi /ǶmM mMBp2`b ΩX

GǶûpĕM2K2Mi +QMi`�B`2 /2 HǶûpĕM2K2Mi A- MQiû A- +QMiB2Mi
iQmb H2b ûHûK2Mib /2 Ω [mB MǶ�TT�`iB2MM2Mi T�b ¨ AX

ΩA

_2K�`[m2 , A b2 T`QMQM+2 , Ŀ � #�``2 ŀX

! 1t2KTH2 8 ě lM2 +H�bb2 /2 b2+QM/2 2bi +QMbiBimû2 /2 }HH2b 2i /2 ;�`ÏQMbX G2b ûHĕp2b bQMi �;ûb /2 R9 ¨ Re
�MbX PM BMi2``Q;2 mM ûHĕp2 �m ?�b�`/X aQB2Mi A 2i B H2b ûpĕM2K2Mib ,

• � , Ŀ GǶûHĕp2 BMi2``Q;û 2bi mM2 }HH2 ŀ • " , Ŀ GǶûHĕp2 � R8 �Mb ŀ

GǶûpĕM2K2Mi A 2bi , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
GǶûpĕM2K2Mi B 2bi , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 e ě PM H�M+2 mM /û +m#B[m2 û[mBHB#`ûX aQBi A HǶûpĕM2K2Mi , Ŀ Q#i2MB` �m KQBMb i`QBb ŀ
GǶûpĕM2K2Mi A 2bi , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
_2K�`[m2 , aQBi A mM ûpĕM2K2Mi /ǶmM mMBp2`b ΩX PM � ,

A = Ω = 2i ∅ =

kXk AMi2`b2+iBQM /2 /2mt ûpĕM2K2Mib
.û}MBiBQM 9 % AMi2`b2+iBQM

GǶBMi2`b2+iBQM /2 A 2i B 2bi HǶûpĕM2K2Mi MQiû A ∩BX
AH +QMiB2Mi H2b ûHûK2Mib �TT�`i2M�Mi ¨ H� 7QBb ¨ A 2i ¨ BX

ΩA

B

_2K�`[m2 , A ∩B b2 T`QMQM+2 , Ŀ � BMi2` " ŀX

! 1t2KTH2 d ě PM iB`2 �m ?�b�`/ mM2 +�`i2 /�Mb mM D2m /2 jk +�`i2bX aQB2Mi A 2i B H2b ûpĕM2K2Mib ,

• � , Ŀ P#i2MB` mM +Q2m` ŀ • " , Ŀ P#i2MB` mM2 /�K2 ŀ

GǶûpĕM2K2Mi A ∩B 2bi , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 3 ě lM2 +H�bb2 /2 b2+QM/2 2bi +QMbiBimû2 /2 }HH2b 2i /2 ;�`ÏQMbX G2b ûHĕp2b bQMi �;ûb /2 R9 ¨ Re
�MbX PM BMi2``Q;2 mM ûHĕp2 �m ?�b�`/X aQB2Mi A 2i B H2b ûpĕM2K2Mib ,

• � , Ŀ GǶûHĕp2 BMi2``Q;û 2bi mM2 }HH2 ŀ • " , Ŀ GǶûHĕp2 � R8 �Mb ŀ

GǶûpĕM2K2Mi A ∩B 2bi , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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.û}MBiBQM 8 % 1pĕM2K2Mib BM+QKT�iB#H2b

.2mt ûpĕM2K2Mib A 2i B /ǶmM mMBp2`b Ω bQMi BM+QKT�iB#H2b
HQ`b[mǶBHb MǶQMi �m+mM2 Bbbm2 2M +QKKmMX
PM MQi2 �HQ`b A ∩B = ∅

ΩA

B

! 1t2KTH2 N ě PM H�M+2 mM /û +m#B[m2 û[mBHB#`ûX aQB2Mi A 2i B H2b ûpĕM2K2Mib ,

• � , Ŀ P#i2MB` k Qm 9 ŀ • " , Ŀ P#i2MB` mM MQK#`2 BKT�B` ŀ

G2b ûpĕM2K2Mib A 2i B bQMi BM+QKT�iB#H2b- +2 [mB b2 MQi2 A ∩B = ∅X

kXj _ûmMBQM /2 /2mt 2Mb2K#H2b
.û}MBiBQM e % lMBQM

aQB2Mi A 2i B /2mt ûpĕM2K2Mib /ǶmM mMBp2`b ΩX

G� `ûmMBQM /2 A 2i B 2bi HǶûpĕM2K2Mi MQiû A ∪BX
AH +QMiB2Mi H2b ûHûK2Mib �TT�`i2M�Mi ¨ A Qm ¨ B UQm �mt /2mt 5VX

ΩA

B

_2K�`[m2 , A ∪B b2 T`QMQM+2 , Ŀ � mMBQM " ŀX

! 1t2KTH2 Ry ě PM iB`2 �m ?�b�`/ mM2 +�`i2 /�Mb mM D2m /2 jk +�`i2bX aQB2Mi A 2i B H2b ûpĕM2K2Mib ,

• � , Ŀ P#i2MB` mM +Q2m` ŀ • " , Ŀ P#i2MB` mM2 /�K2 ŀ

GǶûpĕM2K2Mi A ∪B 2bi , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 RR ě lM2 +H�bb2 /2 b2+QM/2 2bi +QMbiBimû2 /2 }HH2b 2i /2 ;�`ÏQMbX G2b ûHĕp2b bQMi �;ûb /2 R9 ¨
Re �MbX PM BMi2``Q;2 mM ûHĕp2 �m ?�b�`/X aQB2Mi A 2i B H2b ûpĕM2K2Mib ,

• � , Ŀ GǶûHĕp2 BMi2``Q;û 2bi mM2 }HH2 ŀ • " , Ŀ GǶûHĕp2 � R8 �Mb ŀ

GǶûpĕM2K2Mi A ∪B 2bi , X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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j S`Q#�#BHBiû /ǶmM ûpĕM2K2Mi
jXR .û}MBiBQM �tBQK�iB[m2 /ǶmM2 T`Q#�#BHBiû

.û}MBiBQM d % S`Q#�#BHBiû

aQBi Ω mM mMBp2`bX lM2 T`Q#�#BHBiû P bm` Ω 2bi mM2 7QM+iBQM [mB 7�Bi +Q``2bTQM/`2 ¨ iQmi ûpĕM2K2Mi A /2
Ω mM MQK#`2 `û2H MQiû P (A) 2i [mB pû`B}2 H2b T`QT`Bûiûb bmBp�Mi2b ,

• �tBQK2 RX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

• �tBQK2 kX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

• �tBQK2 jX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

*2b �tBQK2b pQMi MQmb T2`K2ii`2 /2 /ûKQMi`2` H2b 7Q`KmH2b pm2b 2M b2+QM/2 UpQB` b2+iBQM 9V- /m ivT2
P (A) = 1− P (A) Qm 2M+Q`2 P (A ∪B) = P (A) + P (B)− P (A ∩B)- 2i+X

jXk aBim�iBQMb /Ƕû[mBT`Q#�#BHBiû
.û}MBiBQM 3 % 1[mBT`Q#�#BHBiû

PM +QMbB/ĕ`2 mM2 2tTû`B2M+2 �Hû�iQB`2 /ǶmM mMBp2`b ΩX
PM 2bi /�Mb mM2 bBim�iBQM /Ƕû[mBT`Q#�#BHBiû HQ`b[m2 iQmb H2b ûpĕM2K2Mib ûHûK2Mi�B`2b bQMi û[mBT`Q#�#H2b-
+Ƕ2bi@¨@/B`2 [mǶBHb QMi iQmb H� KāK2 T`Q#�#BHBiûX

! 1t2KTH2 Rk ě GQ`b[mǶQM H�M+2 mM /û +m#B[m2 û[mBHB#`û - HQ`b[mǶQM iB`2 �m ?�b�`/ mM2 +�`i2 /�Mb
mM D2m /2 jk +�`i2b- QM 2bi /�Mb mM2 bBim�iBQM /Ƕû[mBT`Q#�#BHBiûX
1M bBim�iBQM /Ƕû[mBT`Q#�#BHBiû- H2b +�H+mHb b2 T`Q#�#BHBiûb bQMi `2H�iBp2K2Mi bBKTH2b ,

S`QTQbBiBQM R % *�H+mH /2 T`Q#�#BHBiûb 2M +�b /Ƕû[mBT`Q#�#BHBiû

PM +QMbB/ĕ`2 mM2 2tTû`B2M+2 �Hû�iQB`2 /ǶmM mMBp2`b Ω +QMi2M�Mi n Bbbm2b û[mBT`Q#�#H2bX .�Mb +2ii2 bBim�iBQM ,

• G� T`Q#�#BHBiû /2 iQmi ûpĕM2K2Mi ûHûK2Mi�B`2 2bi û;�H2 ¨ . . .

. . .
=

1

+�`/(. . . . . .) X

• SQm` iQmi ûpĕM2K2Mi A /2 Ω- H� T`Q#�#BHBiû /2 HǶûpĕM2K2Mi A 2bi ,

P (A) =
MQK#`2 /ǶBbbm2b 7�pQ`�#H2b ¨ �

MQK#`2 iQi�H /ǶBbbm2b =
+�`/(. . . . . .)
+�`/(. . . . . .)
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! 1t2KTH2 Rj ě PM H�M+2 mM /û ¨ e 7�+2b 2i QM MQi2 H2 `ûbmHi�i Q#i2Mm bm` H� 7�+2 bmTû`B2m`2X
_�TT2HQMb [m2 HǶmMBp2`b /2 +2ii2 2tTû`B2M+2 2bi Ω = { ; ; ; ; ; }X

G� T`Q#�#BHBiû /2 +?�[m2 ûpĕM2K2Mi ûHûK2Mi�B`2 2bi . . . . . .

. . . . . .
X

G� T`Q#�#BHBiû /2 HǶûpĕM2K2Mi Ŀ Q#i2MB` mM MQK#`2 T�B` ŀ 2bi . . . . . .

. . . . . .
=

. . . . . .

. . . . . .

9 S`Q#�#BHBiûb 2i QTû`�iBQMb bm` H2b ûpĕM2K2Mib

9XR S`Q#�#BHBiû /ǶmM ûpĕM2K2Mi +QMi`�B`2
S`QTQbBiBQM k % g S`Q#�#BHBiû /2 A g

aB A 2bi mM ûpĕM2K2Mi /ǶmM mMBp2`b Ω- �HQ`b

a

b

S`2mp2

ΩA

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 R9 ě aQBi A mM ûpĕM2K2Mi /ǶmM mMBp2`b Ω i2H [m2 P (A) = 0- 78X Zm2 p�mi P (A) \

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

9Xk 6Q`KmH2 /2b T`Q#�#BHBiûb iQi�H2b
S`QTQbBiBQM j % ggg 6Q`KmH2 /2b T`Q#�#BHBiûb iQi�H2b ggg

aQB2Mi A 2i B /2mt ûpĕM2K2Mib /ǶmM mMBp2`b Ω- �HQ`b ,

a

b

! _2K�`[m2 ě AH 7�m/`� b�pQB` Ŀ DQM;H2` 2Mi`2 H2b ûpĕM2K2Mib ŀ ,

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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S`2mp2

ΩA

B

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 R8 ě aQB2Mi A 2i B /2mt ûpĕM2K2Mib i2Hb [m2 P (A ∩B) = 0- 3 2i P (A ∩B) = 0- 12X Zm2 p�mi
P (A) \

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

9Xj S`Q#�#BHBiû /ǶmM2 `ûmMBQM 2i /ǶmM2 BMi2`b2+iBQM
S`QTQbBiBQM 9 % g S`Q#�#BHBiû /2 A ∪B g

aQB2Mi A 2i B /2mt ûpĕM2K2Mib /ǶmM mMBp2`b Ω- �HQ`b ,

a

b

! _2K�`[m2 ě *2ii2 7Q`KmH2 T2mi āi`2 miBH2 TQm` /ûi2`KBM2` H� T`Q#�#BHBiû /2 H� `ûmMBQM A∪B U[mB T2mi-
/�Mb +2`i�BMb +�b- āi`2 +QKTHB[mû2 ¨ +�H+mH2`V ¨ HǶ�B/2 /2 H� T`Q#�#BHBiû /2 HǶBMi2`b2+iBQM A∩B U[mB 2bi 2M ;ûMû`�H
THmb 7�+BH2 ¨ +�H+mH2`VX

S`2mp2

ΩA

B

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

! 1t2KTH2 Re ě G�M+2` /ǶmM /û û[mBHB#`ûX
lM2 2tTû`B2M+2 +QMbBbi2 ¨ H�M+2` mM /û û[mBHB#`û ¨ e 7�+2bX
aQBi A HǶûpĕM2K2Mi , Ŀ QM Q#iB2Mi mM MQK#`2 BKT�B` ŀX
aQBi B HǶûpĕM2K2Mi , Ŀ QM Q#iB2Mi mM KmHiBTH2 /2 j ŀX
*�H+mH2` P (A)- P (A) 2i P (A ∪B)X

?iiTb,ffrrrXvQmim#2X+QKfr�i+?\p4v9Sn
"S@H/tF�HBbi4

SGol.K#TmT*�Qh#K8AS?.KMJd[M1hsT9d"�
BM/2t48

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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! 1t2`+B+2 e U� 7�B`2 bm` pQi`2 +�?B2`VX 1t2`+B+2 /m #�++�H�m`û�i a- kyRjX *H�bbB[m2- ¨
b�pQB` `27�B`2 5
lM2 D�`/BM2`B2 p2M/ /2 D2mM2b TH�Mib /Ƕ�`#`2b [mB T`QpB2MM2Mi /2 i`QBb ?Q`iB+mHi2m`b , j8 W /2b TH�Mib T`QpB2MM2Mi
/2 HǶ?Q`iB+mHi2m` >1- k8 W /2 HǶ?Q`iB+mHi2m` >2 2i H2 `2bi2 /2 HǶ?Q`iB+mHi2m` >3X *?�[m2 ?Q`iB+mHi2m` HBp`2 /2mt
+�iû;Q`B2b /Ƕ�`#`2b , /2b +QMB7ĕ`2b 2i /2b �`#`2b ¨ 72mBHH2bX
G� HBp`�BbQM /2 HǶ?Q`iB+mHi2m` >1 +QKTQ`i2 3y W /2 +QMB7ĕ`2b �HQ`b [m2 +2HH2 /2 HǶ?Q`iB+mHi2m` >2 MǶ2M +QKTQ`i2
[m2 8y W 2i +2HH2 /2 HǶ?Q`iB+mHi2m` >3 b2mH2K2Mi jy WX

R ě G2 ;û`�Mi /2 H� D�`/BM2`B2 +?QBbBi mM �`#`2 �m ?�b�`/ /�Mb bQM biQ+FX
PM 2MpBb�;2 H2b ûpĕM2K2Mib bmBp�Mib ,

• H1 , Ŀ HǶ�`#`2 +?QBbB � ûiû �+?2iû +?2x HǶ?Q`iB+mHi2m` >1 ŀ-
• H2 , Ŀ HǶ�`#`2 +?QBbB � ûiû �+?2iû +?2x HǶ?Q`iB+mHi2m` >2 ŀ-
• H3 , Ŀ HǶ�`#`2 +?QBbB � ûiû �+?2iû +?2x HǶ?Q`iB+mHi2m` >3 ŀ-
• C , Ŀ HǶ�`#`2 +?QBbB 2bi mM +QMB7ĕ`2 ŀ-
• F , Ŀ HǶ�`#`2 +?QBbB 2bi mM �`#`2 72mBHHm ŀX

U�V *QMbi`mB`2 mM �`#`2 TQM/û`û i`�/mBb�Mi H� bBim�iBQMX
U#V *�H+mH2` H� T`Q#�#BHBiû [m2 HǶ�`#`2 +?QBbB bQBi mM +QMB7ĕ`2 �+?2iû +?2x HǶ?Q`iB+mHi2m` >3X
U+V CmbiB}2` [m2 H� T`Q#�#BHBiû /2 HǶûpĕM2K2Mi C 2bi û;�H2 ¨ 0- 525X
U/V GǶ�`#`2 +?QBbB 2bi mM +QMB7ĕ`2X
Zm2HH2 2bi H� T`Q#�#BHBiû [mǶBH �Bi ûiû �+?2iû +?2x HǶ?Q`iB+mHi2m` >1 \ PM �``QM/B`� ¨ 10−3X
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X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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e AM/ûT2M/�M+2

k am++2bbBQM /2 /2mt ûT`2mp2b BM/ûT2M/�Mi2b
.û}MBiBQM k

1M `û�HBb�Mi bm++2bbBp2K2Mi /2mt 2tTû`B2M+2b �Hû�iQB`2b i2HH2b [m2 H2b ûpûM2K2Mib �bbQ+Bûb ¨ H�
T`2KBĕ`2 bQB2Mi BM/ûT2M/�Mib /2b ûpûM2K2Mib �bbQ+Bûb ¨ H� b2+QM/2- QM /Bi [m2 HǶQM `û�HBb2 mM2
bm++2bbBQM /2 /2mt ûT`2mp2b BM/ûT2M/�Mi2bX

! 1t2KTH2 R ě 1t2KTH2b /2 bm++2bbBQMb /ǶûT`2mp2b BM/ûT2M/�Mi2b

• X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

• X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

S`QTQbBiBQM j % am++2bbBQMb /ǶûT`2mp2b BM/ûT2M/�Mi2b- +�H+mHb /2 T`Q#�#BHBiûbX
GQ`b /ǶmM2 bm++2bbBQM /2 /2mt ûT`2mp2b BM/ûT2M/�Mi2b- H� T`Q#�#BHBiû /ǶmM +QmTH2 /2 `ûbmHi�ib 2bi
û;�H2 �m T`Q/mBi /2b T`Q#�#BHBiûb /2 +?�+mM /Ƕ2Mi`2 2mtX

! 1t2KTH2 k ě PM H�M+2 /2mt 7QBb /Ƕ�{Hû mM /û û[mBHB#`û ¨ e 7�+2bX
Zm2HH2 2bi H� T`Q#�#BHBiû /ǶQ#i2MB` mM 2- TmBb mM 5 \

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
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7 Variables aléatoires

CHAPITRE 7
Variables aléatoires

1 Variables aléatoires. Loi de probabilité.

1.1 Variable aléatoire
Définition 1 | Variable aléatoire

Considérons une expérience aléatoire d’univers Ω (l’ensemble de toutes les issues de l’expérience).
Une variable aléatoire (souvent notée X) sur Ω est . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

! Exemple 1 — Considérons l’expérience aléatoire suivante :

« On lance un dé équilibré à 6 faces et on regarde le résultat ».

L’univers Ω de cette expérience, c’est-à-dire l’ensemble des issues (les résultats possibles du lancer de dé) est

Ω = { ; ; ; ; ; }

On considère le jeu suivant associé à cette expérience :

• Si le résultat est pair, on gagne 2 €,
• Si le résultat est 1, on gagne 3 €,
• Pour les issues 3 et 5, on perd 4 €.

Soit X la variable aléatoire donnant le gain, positif ou négatif, après un lancer. On a :

X(1) = ; X(2) = ; X(3) = ; X(4) = ; X(5) = et X(6) =

Dans cet exemple, les valeurs prises par la variable aléatoire X est l’ensemble X(Ω) = { ; ; }

Quelques remarques et notations :

♣ La variable X est qualifiée d’aléatoire car les valeurs de X dépendent du résultat d’une expérience aléatoire.
♣ En Première, les variables aléatoires que vous rencontrerez prendront un nombre fini de valeurs.

Si X est une variable aléatoire sur Ω prenant n valeurs x1,x2,x3, . . . ,xn (où n est un entier naturel
non-nul), l’ensemble des valeurs prises par X est noté

X(Ω) = {x1, . . . ,xn}.
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7 Variables aléatoires

1.2 Évènements du type {X = xi} ou {X " xi} ou {X > xi}, etc.
Définition 2 | Evènement {X = xi}

Soit X une variable aléatoire sur un univers Ω. On suppose que X peut prendre les valeurs {x1, . . . ,xn}.
L’évènement {X = xi} signifie : « . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ».

La probabilité de l’évènement {X = xi}, notée P (X = xi) ou parfois pi, est . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

! Exemple 2 — Reprenons l’exemple précédent. Dans ce contexte, l’évènement {X = 2} signifie :

« . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . »

De plus, on a P (X = 2) =

Définition 3 | Evènement {X " xi}

Soit X une variable aléatoire sur un univers Ω.
On suppose que X peut prendre les valeurs {x1, . . . ,xn}.

L’évènement {X " xi} signifie :

« . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . »
La probabilité de l’évènement {X " xi}, notée P (X " xi), est . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

On peut de même définir les évènements du type {X < xi}, {X # xi} ou bien {X > xi} ainsi que leurs
probabilités associées.

1.3 Loi de probabilité
Définition 4 | Loi de probabilité

Soit X une variable aléatoire sur un univers Ω.
On suppose que X peut prendre les valeurs {x1, . . . ,xn}.

La loi de probabilité de X est . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Une loi de probabilité est souvent donnée sous la forme du tableau suivant :
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7 Variables aléatoires

! Exemple 3 — Reprenons l’expérience du premier exemple. Considérons l’expérience aléatoire suivante :

« On lance un dé équilibré à 6 faces et on regarde le résultat ».
On considère le jeu suivant associé à cette expérience :

• Si le résultat du dé est pair, on gagne 2 €,
• Si le résultat est 1, on gagne 3 €,
• Pour les issues 3 et 5, on perd 4 €.

On note X la variable aléatoire donnant le gain après un lancer. Rappelons les valeurs prises par X :

X(1) = ; X(2) = ; X(3) = ; X(4) = ; X(5) = et X(6) =

On a ainsi :

• P (X = 2) =

• P (X = 3) =

• P (X = −4) =

! Remarque — « La somme des probabilités vaut 1 »

Si X est une variable aléatoire prenant les valeurs x1, x2, …, xn avec probabilités respectives p1, p2, …, pn :

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ce que l’on note aussi : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

En français : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

è Méthode

Comment trouver la loi de probabilité d’une variable aléatoire X ?

! . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

# . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

$ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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7 Variables aléatoires

! Exercice 1 Dans une urne, on place 7 boules indiscernables au toucher portant les numéros :
! ; " ; # ; $ ; % ; & ; '.

On pioche au hasard une boule. Si le numéro obtenu est pair, on perd un point. Si le numéro est impair, on
gagne le nombre de points égal au numéro tiré. On définit la variable aléatoire X comme donnant le nombre
algébrique de points obtenus (ce nombre peut donc être négatif).

1 — Quel est l’univers associé à cette expérience aléatoire ?

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 — Quelle sont les valeurs prises par X ?

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 — Déterminer la loi de probabilité de X.

4 — Calculer P (X # 3) et interpréter le résultat.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 — Calculer P{X>0}(X # 5) et interpréter le résultat.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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7 Variables aléatoires

2 Espérance, variance et écart type

2.1 Espérance mathématique
Définition 5 | Espérance

Soit X une variable aléatoire prenant les valeurs x1, . . . ,xn avec probabilité p1, . . . , pn.

L’espérance mathématique de la variable aléatoire X est le nombre réel, noté E(X), défini par

E(X) =

Interprétation. Puisque p1 + . . .+ pn = 1, on peut réecrire E(X) comme étant

E(X) =
p1x1 + . . .+ pnxn

p1 + . . .+ pn
.

Ainsi, l’espérance E(X) s’interprète comme étant la moyenne pondérée des valeurs prises par X.

! Exemple 4 — Soit X la variable aléatoire dont
la loi de probabilité est donnée par le tableau ci-contre.
On a :

E(X) =

=

! Remarque — L’espérance d’une variable aléatoire X s’interprète comme étant la valeur moyenne des
valeurs prises par X lorsque l’expérience se répète un très grand nombre de fois.
Ainsi, dans les cas où l’expérience aléatoire est un jeu avec X modélisant un gain :

• Le jeu est dit équitable si . . . . . . . . . . . . . . . . . .

• Le jeu est dit favorable pour le joueur si . . . . . . . . . . . . . . . . . .

• Le jeu est dit défavorable pour le joueur si . . . . . . . . . . . . . . . . . .

! Exercice 2 Considérons l’expérience aléatoire suivante :

« On lance un dé équilibré à 6 faces et on regarde le résultat »

On considère le jeu suivant associé à cette expérience :
• Si le résultat est 1 ou 2, on perd 2 €,
• Si le résultat est 3, on gagne 0, 5 €,
• Si le résultat est 4, 5 ou 6, on gagne 1 €.

On note X la variable aléatoire donnant le gain, positif ou négatif, après un lancer.
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7 Variables aléatoires

1 — Donnez la loi de probabilité de X.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 — Calculer l’espérance mathématique de X et interprétez le résultat.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

! Exercice 3 Considérons l’expérience aléatoire suivante :

« On tire au hasard une carte dans un jeu de 32 cartes ».
https://www.youtube.com/

watch?v=AcWVxHgtWp4&
feature=youtu.be

On considère le jeu suivant :
• Si on tire un coeur, on gagne 2 €
• Si on tire un roi, on gagne 5 €
• Si on tire une autre carte, on perd 1 €.

Si l’on tire le roi de coeur, on gagne 5 € + 2 € = 7 €.

On note X la variable aléatoire qui, à une carte tirée, associe un gain ou une perte.
1 — Déterminer la loi de probabilité de X.
2 — Calculer P (X # 5) et interpréter le résultat.
3 — Calculer l’espérance de X et interpréter le résultat. Le jeu est-il plutôt favorable à l’organisateur ou au

joueur de la partie ?
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7 Variables aléatoires
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7 Variables aléatoires

2.2 Indicateurs de dispersion : variance et écart type
Définition 6 | Variance et écart type

Soit X une variable aléatoire prenant les valeurs x1, . . . ,xn avec probabilité p1, . . . , pn.

Notons E(X) l’espérance mathématique de la variable aléatoire X.
♣ La variance de X est le réel V (X) défini par

V (X) =

♣ L’ écart type de X, noté σ(X) est défini par σ(X) =

Interprétation. Puisque p1 + . . .+ pn = 1, on peut réecrire V (X) comme étant

V (X) =
p1(x1−E(X))2 + . . .+ pn(xn−E(X))2

p1 + . . .+ pn
.

La variance V (X) est ainsi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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! Exemple 5 — Reprenons l’énoncé de l’Exercice 3 (jeu de cartes).
Calculer la variance et l’écart type de la variable aléatoire X.
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